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FOREWORD 



At a time when our society is increasingly de- 
pendent upon mathematically literate citizens and 
upon trained mathematical manpower, it is essential 
that vital and contemporary mathematics be taught in 
our schools. 

The mathematics program set forth in this pub- 
lication has developed as a result of experimentation 
and evaluat5.on in classroom situations. This is Part I 
of Mathematics Seventh Year, Part II, a separate bul- 
letin, will be' published during the school year 1966-67# 

This bulletin represents a cooperative effort of 
the Office of Junior High Schools, the Bureau of 
Mathematics and the Bureau of Curriculum Development, 

We wish to thank the staff members \itio have so 
generously contributed to this work. 
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INTRODUCTION 



The materials in this bulletin consist of a series of daily lesson 
plans for use by teachers in presenting a modern program of seventh 
year mathematics. In these lesson plans are developed the concepts, 
skills, and applications of Mathematics Seventh Year . There is an 
emphasis on: 

an understanding of mathematical structure 
growth of a ntunber system 
relations and operations in a niunber system 
a development of mathematical skills based on an under- 
standing of mathematical principles 
concept of set in number and in geometry 

This bulletin is the culmination of several years of experimental 
tion involving the cooperative efforts of the Division of Curriculum 
Development and the Junior High School Division, The mathematics 
presented in this bulletin is based upon concepts and skills which 
were developed in previous grades# The eighth and ninth year mathe- 
matics courses will extend the basic ideas of Mathematics Seventh 



The materials in this program have been tried out over a period 
of years in schools in all five boroughs of the city. The materials 
in the lesson plans reflect the classroom tryout and continued evalu^ 
tion by teachers and supervisors. They have been revised a number of 
times in the light of these evaluations. 



ORGANIZATION OF THIS BUIIETIN 



The content of this bulletin is arranged in the sequence in 
which it is to be used. It is expected that a lesson will be 
sented before the next numbered lesson and that each chapter i^ll be 
presented before any work in the ensuing chapter is begun. Although 
this may seem to be a departure from the cyclical arrangement o 
materials found in earlier curriculum bulletins on seventh year 
mathematics, a cyclical approach is in fact an integral part of each 
chapter. For example, understanding of the concept of a number system 
is developed on progressively higher levels as pupils advance from an 
understanding of whole numbers to rational numbers to signed numbers. 



Various topics for enrichment have been included. Labeled 
optional, they have been placed with the topics of which they are a 
logical outjgrowth. 



SUGGESTED PROCEDURE FOR USING THIS BULLETIN 



It is suggested that the following procedure be considered in 
using this publication: 

Read the entire bulletin before making plans to teach 
part of it. Read each chapter in turn to become acquainted 
with the content and spirit of Mathematics Seventh Year 
and vlth the relationships among the topics in the course. 

Study the introductory discussion in each chapter you plan 
to present. Note the relationship of each lesson to the 
one preceding it and the one following it. Each lesson is 
organized in terms of: 



Amplify the practice material suggested for each lesson with 
additional material from suitable textbooks. 

Practice in computation and in the solution of verbal problems 
should not be confined to the sections in which this- work 
appears in the bulletin, but should be interspersed among 
other topics in order to sustain interest and provide for 
continuous development and reinforcement of computationS-1 skills 
and of problem-solving skills. 



EVALUATION 

An evaluation program includes not only the checking of completed 
work at convenient intervals, but also continued appraisal. It is a 
general principle of evaluation that results are checked against 
objectives. The objectives of this course include concepts, principles 
and xmderstandings, as well as skills. 

Written tests are the most frequently used instrument for eval- 
uation and remain the chief rating tool of the teacher. Test items 
should be designedto test not only recall of factual items, but also 
the ability of the pupil to make intelligent application of mathematical 
principles. Some of the writing activities which teachers may use for 
the purpose of evaluation include: 



written tests 

written homework assignments 
keeping of notebooks 
special reports 
quizzes 



1, Topic 

2, Aim 

3, Specific Objectives 



4, Procedure 

5, Practice 

6, Summary Questions 



To evaln^-te pupil understanding continually^ there a,re a number 
of oral activities >riiich teachers may use such as: 

pupil explanations of approaches used in new situations 

pupil justification of statements 

pupil restatement of problems 

pupil explanation of interrelationship of ideas 

pupil discovery of patterns 

oral quizzes 

pupil reports 

Evaluation procedures also include teacher observation of pupil *s 
work at chalkboard and of pupil *s work at seat, 

Self-evaluat ion by pupils can be encouraged through short self- 
marking quizzes. 



DEVELOPMENT OF THE MATHEMATICS GRADE 7 PROGRAM 

During the school year 1963-1964> s- revised Seventh Year Mathematics 
scope and sequence was developed by staff members from the Division of 
Curriculum Development and the Junior High School Division, This scope 
and sequence was the basic document for writing teams which consisted 
of junior high school mathematics coordinators. 



Preliminary materials were prepared by these teams and were re- 
viewed by the Junior High School Mathematics Curriculum Committee, Re- 
visions were made on the basis of the Committee *s suggestions. In 
September 1964, the first draft of the materials was ready and was made 
available to teachers who were to take part in their experimental use. 



These preliminary materials were tried out on an experimental 
basis for the first time in selected junior high schools dur^g the 
school year 1964— 65# ^ program of evaluation of these materials was 

set up which included chapter by chapter evaluation reports from class- 
room teachers, junior high school coordinators, and supervisors of 
mathematics in pilot schools. The materials were then revised 
accordingly. 

The school year 1965-1966 saw the second year of experimental 
use of the materials with additional schools participating. Similar 
evaluation procedures were followed. 

Final work on Part I of this bulletin, preparing it for publica- 
tion, was completed in July, 1966, It is expected that a final re- 
vision of Part II will be completed during the Fall of 1966, This 
revision will reflect the second year of classroom tryout. 



ACKNOWLEDGEMENTS 



The preparation of this btaietin was under the general direction 
of Martha R. Finkler, Acting Associate Supertotendent, Jmior High Sctool 
Division Margaret Bible, Acting Assistant Superintendent, Junior High 
School SiviSfnI William'H. Briltow, Assistant Su^rintendent, Bur«u of 
Curriculum Research, and George Grossman, Acting Director, Bureau of 
Mathematics, 

As Chairman of the Junior High School Mathe^tics Curriculm 
Committee, Paul Gastvirth, Principal of Edward Bleeker Junior Hi^ 

School, coordinated the work of various committees engaged in planning 
for the new seventh year mathematics program* 

Frank J. Wohlfort, Acting Assistant Director, BureM of tethenatics, 
worked with the coordinators and arranged for the experimental tryout oi 
the program in the junior high schools. 

Miriam S, Newman, Staff Coordinator, Bureau of Mathematics, ser^d 
as project leader for the writing of the experimental mterials was 
the^principal writer of the revised materials during the school year 
1965-1966 and the summer of 1966 , 

The members of the Junior High School Curriculum Co^ttee ^o 
participated in planning the scope and sequence and in the ^it^ pr p- 
aration of lesson plans weret Spencer J. Abbott, Florence Appeiron, 
Samuel Bier, Charles Bechtold, Anna Chuckrow, S^el D^skin, Cha^ 

J. Goode, Helen Halliday, Helen Kaufinan, Rose Kleto, Miriam S. New^, 
Alfred Okin, George Paley, Meyer Rosenspan, Benedict Eubino, 

Segal, Ada Sheridan, Murray Soffer, Bertha Weiss, and Frank J. Wohlfort. 

Junior High School Mathematics Coordinators and teachers vdio 
prepared lesson plans for classroom tryout were: 

Ldney Gellman, Charles J. Goode, Meyer Kleta, Morris Leist, 

S. Newman, Benedict Hubino, Marilyn Sacco, Murray Soffer, Bertha Weiss, 

and Frank J* V " Ifort, 

Leonard Simon, Junior High School ^'^^iculum Coordinator, Bu^u 

of Curriculum Development, was a member of the ®rerts- 

and continued throughout to assist in the planning, coordinating, revis 
ing and preparing of the materials for publication. 

Teachers and supervisors who used the material in classroom tryout 
and who played a part in the evaluation and revision Include: 

Howard Astor, Charles Bechtold, Jack Berpr, Leo - 

Bock. Arthur Bryton, Elaine Cagen, Faustina B. Carter, Kathleen 0 . 
Carpenter, Nancy Castio, Isadora Chevat, Esther S. Cohen, 
Sada>alcolm Cooper. Patricia Cuffe, Abr^ Dacher. BetUe W. 

Davis, Bernard Diamond, Albert Dorlando, «» 

Elgarten, M.J, Etra, Joan Feigenbaum, Bennett V. Fisch, Leonard Foge , 



L6nore Freedaian^ Joel Friedberg^ Freda D» Friedman, David Galterstein^ 
Tobias Gilbert, Roslyn S, Gold, Sheldon Gold, William Goldschlager, 
Manuel Gonsalves, Molly K, Greenfield, Janice Greenstein, Lillian 
Gross, S. Arthur Gross, Jordan Grossbandler, George Grossman, Sidney 
S. Guss, Gerard G, Haggerty, Doreen Hall, Marvin Halpem, Thelma 
Hickerson, Paula M, Hof stein, Marilyn Isaacs, Gail Isquith, Sterling 
J. Jacobs, Frank Jones, Jr., Richard Kalman, Robert Karasik, Frieda 
Karsh, Irving Klein, Anne Kolasky, Mollie Kopp, Ann R« Kom, Ruth 
Kranz, Ann Kurzweil, Ruth Lamb, Allan Lerner, Emanuel Levine, Naomi 
R. Levine, Milroy Levitt, Bertha Lieberman, George Lippold, Richard 
Lynch, Samuel Malkin, Frank Martine, Blanche Mechlowitz, Fay Medoff, 

E. Gloria Meng, Joseph Moss, Alfred Okin, David Ouziel, Elias Pekale, 
Ethel Perin, Ellen M. Prichard, Bertha Rhodes, Louis Ricca -, Jesse 
Rines, Sylvia Randelstein, Gerald Rosofsky, Andrea Ross, Jules Rrsfen, 
Linda Rubenstein, Harry Ruderman, Christine Sankowski, Marvin H. 

Sayer, Harry Schaffer, Frances Schaier, Allan Schlifstein, Michele 
Schl if stein, Aaron Schmerler, Ruth Schmidt, Anne R, Schwadron, 

Theodore Schwartzman, Evelyn T, Serino, Benjamin Shain, Marvin Silver, 
Ella Simpson, Beatrice D. Skala, I, William Spivack, Alan R. Starsky, 
Saul Steinberg,- Ruth Stokes, Ernest Stossel, Zachary Summers, Arthur 
Vaughan, Belle Vitale, Milton Vogelstein, Louis Waltzman, Joan Warshow, 
Robert Winston, Paul Zalasin, 

A special acknowledgment ds made to Frances Moskowitz for her 
efficiency in typing these materials and her assistance in ireparing 
this manuscript for publication* 

Simon Shulman designed the cover* 

Maurice Basseches, Editor, had over-all responsibility for design 
and production* 



CHAPTER I 



The concept of set, introduced in this chapter, will play an inn 
portant part throughout the course* This section contains materials 
and suggested procedures for developing the following set concepts and 
tmderst ending s ; 



meaning of set 

set language and symbols 

one-to-one correspondence 

sets and numbers 

set operation of union 

The term set is used by mathematicians to refer to any well-defined 
collection of discrete objects. It is actually an undefined term. The 
elements of a set may be physical objects or abstract ideas. 

The concept of set is a simple one, yet it is a powerful mathematical 
tool. Throughout the course, the idea of set is used to clarify many 
concept Sj including operations and properties of numbers, factoring, the 
solution of equations and inequalities, and graphs. Geometric as well as 
arithmetic ideas can be cleariy and concisely formulated in t^rms of 
sets. Set concepts and terminology learned by pupils in connection with 
numbers can be applied easily to experiences with sets of points. Thus, 
ideas of set can serve as a bridge between number ideas and basic geo- 
metric ideas. 

The fundamental concepts of set and the symbolism and terminology 
needed to discuss them are learned easily and can arouse considerable 
pupil interest. Therefore, the simple ideas of set theory provide an 
excellent motivating topic at the beginning of this course. 

The material in this chapter demonstrates that a number is an idea 
Independent of the numerals used to represent it. Procedures are sug- 
gested for extending pupils* understanding of ancient systems of numeiv 
ation; the polynomial form of writing numerals in base ten; a base five 
numeration system. 

Throughout our work with number, a distinction is made between 
number and numeral. The invention of numerals, symbols for numbers, 
provides us with a concrete representation for the abstraction called 
number. When we compute in arithmetic, we are replacing certain 
numerals by others, 

A numeration system is a systematic scheme of denoting or naming 
numbers. It consists of a set of symbols and some rules for combining 
the symbols to name various numbers. In their study of numeration 
systems used by ancient civilizations^ pupils are led to see that the 
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niiwHers used by these civilizations are the same as our owi* Only the 
names are different. Pupils are guided to an appreciation of the advan- 
tages of our present system of numeration over ancient ones# 



Writing numerals in expanded form using exponents, as, for example, 
vritlng ^ + (3 X 1(f) + (4 x 10) + ^2x1) 



increases the pupil* s understanding of base ten notation. This under- 
standing is further enhanced by a study of numeration systems vith bases 
other than ten. Many pupils really understand the grouping techniques 
in base ten only after they contrast them with corresponding techniques 
in other bases. 



CHAPTER I 

MllMBBRS and NDMERAIS 
LMtons 1-12 






Topic: 0\rervlew of Sots 

Ain: To review and extend some basic concepts about sets 
Qpeclflc Objectives: 

Concept of set 

Members or elements of a set 
Describing a set 5 set notation 

Motivation: Mhat do we mean when we say: a set of dishes? 

!• Procedure 

A* Concept of set 

1. Have pupils give examples of the use of the tem: set 

a set of trains 

the set of pupils in the class 

the set of numerals on the chalkboard 

a set of airplanes 

a set of numbers 

a set of golf clubs 

2* Elicit synonyms for sot: 

collection of stamps 
children 
of birds 
flock of sheep 

3. Have pupils name some sets whose members are not of the same kind: 

the set of articles on the desk 
the set of objects in a museum 

4. Conclude that a set is a collection of objects or ideas* 

B* Members or elements of a set 

1. aeh object in a set is caUed an si?— ^ 
of the set* 

2. Ham the of the set of textbooks yo“ brou^t to school 

-> 



today; the elements of the set of iB5>ltfiients you brought with 
you for writing; the members of the set of officers of your 
class; the members of your set of teachers* 

C. Description of a set and set notation 

1* A set can be designated in different ways: 

a* Descriptive method: 

the set of boroughs >diich make up New lork City 
the vowels of the English alphabet 

b* listing method: 

the set whose members are: Manhattan^ Bronx> Brooklyn 
Queens, Richmond 

the set of letters: a, e, i, o, u 

Note : We describe sets so that we may know whether or not 
an object is a member of a set* 

2* Set notation 

a* Braces: Braces are used to enclose the names of the members 
of a set* For example, to designate the boroughs of New 
lork City itdiose names begin with B, we write: 

{Bronx, Brooklyn} 

This is read: the set vdiose mtinbers are Bronx and Brooklyn* 

b* Capital letters: To discuss or name a particular set, we 
generally use a capital letter* 

A = {Manhattan, Bronx, Brooklyn, Queens, Richmond} 

This is read: A is the set whose members are: Manhattan, 
Bronx, Brooklyn, Queens, Bichoiond* 

Note : We do not use the word set before the capital letter* 
3* Have pupils consider: 

a* idilch method, listing or descriptive, is used in describing 
the following sets: 

Hie New Ehgland States 
{Nhshington, John Adams, Jefferson} 

b* Describe each set in ^ the second way* 



-A- 




is 




II* Ptaetlce 



A* tfrita the SfiSSE menbers of each set in braces and 

designate each set with a capital letter* 

1* The set of people who are the naabers of your lamediate fajnily 

2* The set of nenbers in your class idio play a musical instnoMnt 

3* The set of even numbers from 10 through 20. 

4* The set of odd nuodaers from 19 through 31* 

B. Use the descriptive method of designating these sets: 

1* X :: (a^ e, 1, o, uj (The members of set X are the letters 
of the alphabet iidiich are vowels*) 

2« P = [Alaska^ California^ Oregon^ hhshington} 

3 . c = ll, 2 , 3, 4, 53 

4. L “ ll, 10, 100, lOOOj 

5* V = [tenthsi hundredths, thousandths} 

C* Describe three sets by the listing method; describe three sets 
by the descriptive method* 

in* SuBBary 

A* What is a set? 

B* What is each object in a collection called? 

C* What are two ways of designating a set? 

D* What new vocabulary did you learn in this lesson? 

(set, member or element of a set, braces) 

E* liiat new syfld}ols did you learn? 



Ussona 2 «nd 3 



Topic: Sets and Nunbers 

Aim: To reinforce and extend the meaning of number as a property of sets 

Specific ObjectlYes: 

Ihe meaning of one-to-one correspondence 
Number is a property of sets 
Comparing numbers (order) 

nie number of a set; finite^ infinite^ ei^ity sets 

Equivalent sets; equal sets 

Subsets 

Motivation: Jin has arranged chairs for a meeting, of the Sdiool Ubrazy 
Consittee. How can he tell without eountlng whither there 
are enough seats for eveiyone? 

I# Procedure 

A* Che-to-one correspondence 

1* Befer to challenge. Elicit that by pairing each eomiittee mem- 
ber with a chalr> we can tell whether there are enough seats for 
everyone> too few seats> or too many. 

2* If each committee member can be paired with a ehalr^ and each 
chair can be paired with a committee nefld>er^ we say there is a 
one-to-one correspondence between the set of committee mesd>ers 
and the set of chairs. ^ a one-to-one correspondence between 
two sets> neither set will have any members that have not been 
paired. 

3« Ask pupjJLs to point out other examples of one-to-one correspondence 
between sets. 

Set of tokens to set of people passing through tuxnstlle 
Set of pencils to set of pupils 

B. Number is a property of sets 

1. Have pupils set up a one-to-one correspondence betwetti set A 
and set B below. 







Mata- Th« diagram ahowa ona of the way» •*<* 

if^^th on. -a-ber of Set B. Ihere are many 

others* 

2. Have them auggeat other aeta ^diioh can be prt 

z. nave you thtnlc we 

correspondence wltin oex, „tt +v-oa In coinnon? 

could imagine? What property have aU these sets m comno 

3. Eicit that aU the sets lAich cm be ef^^J^s!" 

correspondence with Set A have the property f 

L. Tell pupils that id>en there is a ?T 

^ tween^sets, we say all of these sets have the same 

mimbare 

5. HaT. pupils suggest sets which have the same naiber. 



the set of pupils in the classroom 
the set of mathematics textbooks 

6. Have pupils recall that the symbol we use to represent a nuB>b« 
it called a numeral * 

Miat is the numeral for the number of Set A In B- 1 ? 



C* Ck>mparing numibere 

1 . Goneider the following two sets: 




Set C Set D 



« 4 1 4.^, .at «ti A one-to-one correspondence between 

set^ "mfit ?hlt SS;reas we can pair every -e^er 
Of Set D with a member of Set C, we cannot pair every - 

Vt clSth a m^r of Set D. There is one -ember of Set C 

left over* 

2. Tell pupUs that when the f » ^ C 

“:r”te"a:y1h: ^r u EXSS&St. ^ the nu^er of D. 
ifLTSU LTthe number of D is ifi« iSaa the number of C. 



3. Msat is the number of Set C? ( 5 ) 
Which set has the greater number f 



of Set D? ( 4 ) 



D* The number of a set; finite, infinite, empty sets 
1 * Have pupils consider the following sets* 



• • • 



o 



Set A 



o o 



Set B 



0 0 0 



Set C 



o o 
o o 

Set D Set E 




What number Is associated id.th all sets that can be put 
into one-to-one correspondence with Set A? (l) with 
Set B? (2) with Set C? (3), etc. 

2* Hare pupils realize that the nunibers associated with the 
aboTe sets form the set of counting numbers* 

C ■ { 1 ^ 2^ • • • J 

Ihe three dots indicate that the numbers continue indefinitely 
in the same pattern. Ibis is read: the set idiose members are 
1^2^3> und so on. 

The set of counting numbers enables us to tell *bow many” 
there are in any set. Ibe objects of a set and the numerals 
for the counting numbers^ beginning with 1 and proceeding in 
order, are paired one-to-one until all the mesibers of the set 
are paired. Ihe last numeral used in the pairing process 
names the number of members in the set. 





1 


n — 


0 0 




2_ 


0 0 




3 






4 « • • 



3. Have pupils tell the number of pupils present in their class; 
the number of examples in the set of examples in yesterday's 
homework assignment; the number of members in the set of 
counting numbers from 5 through 11. 

a. Have them note that in each case it is possible to count 
the number of elements in the set with the counting coming 
to an end. Such a set is therefore called a finite set. 

b. E 3 i.cit additional illustrations of finite sets. 

4 * Can you tell how many members are in C = {l» 2 ^ 3 > 4 > 5 >*«*}? 

a* Have pupils see that the members of Set C cannot be 
counted with the counting coming to an end. Such a set 
is called an infinite set. 

b. EQLicit additional examples of infinite sets: 

the set of even numbers 
the set of odd numbers 



5. How many members are in the set of boys in the class >*o 
are over nine feet tall? 



ft • 



Have pupils realize that a set may have no members. 
Tell pupils that a set which has no members is called 

"emobv ast" or "th£ laOl fiSt." f J 

«Sty set.” The empty set may also be symbolized by 



the 



b. Elicit additional illustrations of the en^y setf 

c. What is the number of the empty set? (O) 

^ 1 , Differentiate between a set vriaich is empty and a set which 
has zero as its only member. 

1) What is the set of answers to 12-12“? {«> ) 

2 ) What is the number of elements in this set? (l) 



£• Equivalent vs. equal sets 

1 . Befer to challenge, let us assume that ^oh ^ber of ^e set 

of committee members has been paired * 

set of chairs and there are no unpaired elements in either set. 

How can we describe such a matching? We-to-one correspondence) 

2 . Tell pupils that when the elements of two sets can be put into 
one-t^one correspondence, the sets are said to be equivalent sets. 

3 . Elicit that lAen two or more sets are equivalent, each set bon- < 
tains the same number of elements. 



4« Elicit examples of equivalent sets. 
5e Consider the following sets: 



A = {a,b,c,d,e} 
B s {c,e,d,b,a} 



Are these sets equivalent. . . 

What else do you notice about sets A and ® • (Both con 

tain precisely the same elements although the elements are 

listed in different order.) 



6 . Tell pupils that two sets that contain precisely the same 
elements are said to be equal sets. 



7 . Elicit examples of equal sets. 



•^ 9 ‘ 






F* Subsets 



1* Concept of subset 

Problem: George has selected a set of three books from the 

library shelves# The books are members of the set L ** {spy 
story, mystery story, biography}# He is trying to decide 
idiich of the three to borrow# What might his decision be? 

a# Have pupils list possible sets: 



A » fspy story) 

B * fmystery] 

C * (biography) 

D » (spy story, mystery) 



E “ fspy story, biogranhy) 

P * {^ystery, biography) 

G * (spy story, mystery, 
biography] 



b# If he remembers suddenly that he will be having a number 

of tests next week, he may decide to take none. Let set H * ( 

e# Have pupils note that every member of set D is a member of 
set L# The same is true for every set listed in a# We say 
that a set, su«h as set p, is a subset of set L, if every 
member of set D is also a member of set L# 

d# Have pupil note set G# Is every member of set G also a 
member of set L? Conclude that a set may be a subset of 
itself# 

s# Set H is the empty set# Tell pupils that the empty set 
is considered a subset of every set# 

2# Recognizing subsets 

a# Select the sets which are subsets of the set Co,l,2,3,4,5}# 

1) f0,2) 5) { } 

2) {1,2,3,4) 6) 

3) {3,4,5,63 7) 

4) {0,1,2,3,4,53 8) {0,1,3,43 

b# List three subsets of the set {2,4} 

II# Practie<i 

A# What set of objects in your classroom has the number property 
of a set of seven? of a set greater than ten? 



{1,3,5,73 

{0,2,4,6,83 
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tolain how you would pair the objects in the set with the 
set of numerals for the counting numbers to verify your 

answer* 

B. Rearrange these numerals so that the numbers represent 

are in order of size* Place the smallest first* 



1. 1,2,4,6,5,7,3 

2. 2+1, 8-6, 2+3, 9-5, 5+l> 3+4 

3. V, X, VII, IX, VIII, XI, VI 

C. Suppose 10 tickets were sold ^ 

on it. What was the numeral on the last ticket, if they we 

sold in order? 

D. Maiy read from page 21 through page 34 °f lier history book last 
night. How many pages did she read. 

B. Which of the following sets have the same number? 

1. G = {e,f,g,h,i, j,k} 3. [John. 

2. D = 11.2.3.4,5} 4. Srt of days of the week 



F. Tell the nuinber of each set. 

£5,8} ..., 9} f } 

G. Which pairs of the foUowing sets are equivalent? 

1. A = {a,b,c,d} 3. C - (Sue, Jane, MaiJ, Aim) 

2. B =* £0,1,2,3>4J 4* B « £a,b,c,d,e} 

H. Which pairs of the following sets are equal? 

1, I, =s [John, Joe, Jack} 3* ^ 0} 

2. M « (A, D, a > O] 4- £ J&.ck, Joe, John} 

I. Tell which of the following sets are finite, idiich Infinite, udiich 

empty* 

1. The set of odd numbers from 1 through 5* 

2. The set of counting numbers greater than 2 and less than 3* 

3. The set of all the counting numbers. 



J. List all the subsets of [l,2]. How many subsets are there? 
III. Stnranary 

A. What is meant by a one-to-one correspondence between two sets? 

B. When do two sets have the same number? 

C. When is the number of one set greater than the number of another 

set? 

D. How do we determine ”how many” objects there are in a set? 

B. What is the difference between a finite set and an infinite 
set? 

F. What is the empty set? 

What symbols do we use to show the empty set? 

G. Are all equal sets equivalent? 

Are all equivalent sets equal? 

Explain. 

H. What tw sets are subsets of every set? 

I. What new vocabulary did you learn in this lesson? (finite set, 
infinite set, empty set, subset) 

J. What new sjrmbols did you leam? { ),0 









Lesson ^ 

Topic: I57stems of Numeration 

Aim: To extend understanding of the Roman system of numeration 
Specific Objectives: 

To review the basic symbols of Roman numeration 

To review the principles used in combining the basic symbols to 
write numerals for computation 

To understand the difficulties of computation with Homan numerals 
Motivation: Why is the Roman system of numeration used so little today? 
!• Procedure 

A. Review of Itasic symbols 

1* Review the set of seven basic symbols of the Roman system of 
numeration: 

I, V, X, L, C, D, M 

2* Review the value of each symbol: 

I V X L C D M 

1 5 10 50 100 500 1000 

3* The value of V is how many times the value of I? 

Tile value of X is how many times the value of V, etc. 

Have pupils observe the ”5 times, 2 times” pattern. 

B. Review of principles used in combining basic Roman numerals. 

1. What is the value of: 

III XXX CC MM XXIII 

a. Have pupils note the repetition of symbols. 

b. How do ne find the value of a Roman numeral when the basic 
symbols are repeated? (We find the sum of the values of the 
individual symbols.) 

2. 3h our system, upon what does the value of each digit in the 
numeral V i A depend? (its place or position) 

In XXX does the value of each basic symbol depend upon its 
place or position in the numeral? Explain. 

3 . What is the value of each digit in 25^? 

What is the sum of the values of the digits in 25S? 

What is the value of each basic symbol in XVII? 






Vftiat Is the sum of the values of these basic symbols? 



4* ELicit that the Roman system Is additive as well as 
repetitive, but does not use place value as we do. 

5# What is the value of X? 

What is the value of I? 

What is the value of XI? 

What is the value of IX? 

6. E3J.clt that the Roman system has a subtractive principle. 
A symbol for a lesser number placed before a symbol for a 
greater number indicates subtraction of the numbers. 



Id this system, it is customary to use: 



only I to the left of V and X 
only X to the left of L and C 
onily C to the left of D and H 

The subtractive principle thus applies only to 4 and 9, 40 
and 90, 400 and 900^ etc. 



7. What is the value of these Roman numerals? 



a. IV (V - 1 = 4) 

b. IX (X - 1 = 9) 

c. XL (L - I * 40) 

d. CD (D - C = 400) 



e. XIV (10 + (5-1) 

f. XIX (10 + (10-1)) 

g. CXL (100 + (50-10)) 

h. MCM (1000 + (1000-100)) 



C. Difficulties of computation with Roman- numerals 

1. Have pupils try to compute the following using Roman numerals. 
Then have them compute using our system. 

a. Find the sum of MMXLV and MXCVI. 

b. Prom MCMLII subtract MCXLVI. 

2. Elicit that computation with Roman numerals is difficult. 

Tell pupils that the Romans did not compute as we do. 
Computation was done on counters. 

They used their numerals only for recording the results of 
the computation. 

3 . Refer to challenge. 

Have pupils realize that Roman numeration fell into disuse 
because of the development of a numeration system - the 
Hindu-Arabie spatem - that greatly facilitated coiqmtation. 
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II* IVactlce 

A* Wk*ite the Hindu-Arabic numeral for each of the following: 



1. CX\TII 3* DC 5» MMMCCXLIV 7* CXL 

2, MC 4* XLVI 6* DCDOT S* CDXH 

B. Write Hcnian numerals for: 24> 245> 655> 999> 2339* 

C* Write in Roman numerals: 30 , 80, 110, 505> SOO, 1010* 

D. Is there a symbol for zero among Roman numerals? 

E. Placing a bar above a basic symbol in Homan numerals indicates 
multipUcation by 1000. 

What is the value of: X C L V XX? 

F. What numeral in the following set does not name the same number 
as all the others? 



{XnX, XL, XXXV} 

G. Which numeral in the following set names an odd number? 
tIV, VI, Xm, XX} 
in* Sunmaxy 

A* What is the set basic symbols used in the Homan system of 
numeration? 

B. What are some characteristics of Homan numeration? (repetitive, 
additive, subtractive) 

C* What restrictions on subtracting does the Homan system have? 

(I only before V and X, etc.) 

D. Why did the Homans use a counter for their computations? 

E. What Important symbol is lacking in this system? 
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Lesson ^ 

Topic: Wie Decimal System of Numeration 

Aim: To extend understanding of the HindurArabic System of Numeration 
Specific Objectives: 

To review the set of basic symbols in Hindu-Arabic numeration: 
f 0^1^2j • • *9} 

To review grouping by tens, ten tens, and so on 

To review the idea of place value 

To learn to express a number by an expanded numeral 

Challenge: Suppose there were no zero in our mmierfition system* 

How would you represent the number three hundred nine? 

I. Procedure 

A* Review of Hindu-Arabic symbols of numeration 

1* Hie set of numerals used in the Hindu-Arabic numeration system 
is f 0^1^2, • • *93 • 

Elicit that with these ten symbols or digits, we are able to 
write numerals for the whole numbers less than ten, ten, and 
numbers greater than ten, that is, for all idiole numbers* 

2. Review that a symbol for the n\miber zero does not exist in 
the Roman system of numeration. 

B* Our system is based on groups of ten 

1* Have pupils count the number of pupils present today in the 
mathematics classroom, e.g*, 34* 

How many sets of ten pupils are there? 

How many pupils are not in a set of ten pupils? 

How does the numeral 34 tell you how the pupils are grouped? 

2. In the lunchroom today, there were more than ten sets of ten 
pupils. 

Wiat is another name for ten sets of ten? Cone hundred; 

3. Elicit that our system of writing numerals is based on groups 
of ten. Hiis is why it is called a base ten or decimal numera- 
tion system* 

C. Place value 

1. Have pupils compare the representation of a number such as 3 ^ 
in BoTiiftn numerals and in our numeration system* 



325 



cccm 



Have them realize that in CCCXXV the value of ^ch basic 
symbol does not depend upon its place or position in the 

numeral. 

2. Review the names and values of the. places in the decimal 
system of notation. 

Thousands Hundreds Tens Ones 



Have pupils recall that as we move to the left in the 
place value table, the value of each place is ten times 
that of the place to its right. Thus, 



10 = 10x1 
100 = 10x10 
10000 == 10x1000, etc. 

3, Elicit that in our system of numeration the value of a digit 
in a numeral is the product of the value of the number repre 
sented by the value of the p3ace. For example, in the number 

325, 

the value of the digit 3 is 3x100 or 300 

the value of the digit 2 is 2x10 or 20 

the value of the digit 5 is 5x1 or 5 

What is the stan of the values of the digits in 325’ 



4. Refer to challenge. 

What does each symbol in 309 represent. 

Have pupils see that without a symbol for zero, we mi^t md 
it necessary to represent the number three hundred nine as* 



3 - 9, or 3 9 

Why is this representation confusing? 

D. Kxpressing a number by an e^qpanded numeral 

1. Have pupils represent several numbers as a sum of products 
in terms of place value. 



a. 88 = 8 tens + 8 ones 

= (8x10) + (8x1) 

b. 257 2 hundreds + 5 tens + 7 ones 

= (2x100) + (5x10) + (7xl) 

e. 4365 - 4 thousands + 3 hundreds + 6 tens + 5 o“es 
_ + (ixlOO) + (6jd0) + (5xi; 



2* Tell pupils that when a number is expressed as a sum of 
products^ as in #1, it has been expressed by an ex33anded 
numeral . We often write an expanded numeral for standard 
numerals such as 88, 257^ 4365* 

3» Have pupils write expanded numerals for? 

a. 23 b. 3S1 c. 507 d. 6986 

4* Have them write standard numerals for the following: 

a. 6 tens + 3 ones 

b. 9 hundreds + 4 tens + 1 one 

c. (3x10) + (2x1) 

d. (7x100) + (/pdO) + (2x1) 

e. (6x1000) + (0x100) + (2x10) + (Qxl) 



II. Practice 

A. Using the digits 1, 3, 4 once and only once, write numerals for 
as many numbers as you can. (134^ 314^ 431^ etc.) 

B. Select three of the numbers for which you have written numerals 
in the preceding example. For each, give the value of each digit 
in the numeral. 

C. Consider the numeral 44^444* 

1. The value of the digit 4 in tens place is how many times the 
value of the digit 4 in ones place? 

2. Bie value of the digit 4 in hundreds place is how many times 

the value of the digit 4 in tens place? 

3. Uie value of the digit 4 in thousands place is how many times 

the value of tho digit 4 in tens place? 

0. Replace each frame so tha,t a true statement results. 

1. 432 = (b X 100) + (/^ X 10) + (O X 1) 

2. 6045 « (p X 1000) + (b X 100) + (a x lO) + (o x 1) 

E. Ifrlte an wqpand«l numeral for each of the folXoidug: 

1. 312 2. 1907 



3. 25,430 



4. 678,916 



F. WW-te the standard numeral for each of the followings 

1. (4 X 1000) + (5 X 100) + (2 X 10) +(8 x 1) 

2. (9 X 10,000) + (0 X 1000) + (3 X 100) + (1 x 1) 

3. (7 X 100,000) + (5 X 10,000) + (9 X lOOO) + (0 x lOO) + (4 x l) 

G. The diameter of the planet Uranus is approximatelly 30,900 mUes. 
Express this number as an expanded numeral. 

III. Summary 

A. In our base ten numeration system, how many digits are used to 
name the base number ten? 

B. In our base ten system, how many digits are needed to name any 
\diole number? 

C. Miat does the vali’e of a digit in a numeral depend upon? 

D. What is meant by an expanded numeral for a number? 

E. Why is our numeration system called a decimal syst^. 

F. What new vocabulary did you learn today? 

(standard numeral, expanded numeral) 
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Lessons 6 and 2 



Topic: The Decimal Siystem of Numeration 

Aim: To express place value using exponents 

Specific Objectives: 

To learn the meaning of powers of ten 
To learn the meaning of exponent 

To express a number by an expanded numeral using exponents 
Challenge: How can you esqpress the number 1^000^000 in a shorter way? 

I. Pi*ocedure 

A« Meaning of powers of ten 

1. Elicit that 100 can be expressed as 10x10. 

1000 can be expressed as 10x10x10. 

10,000 can be expressed as 10x10x10x10, etc. 

2. Tell pupils that numbers such as 100, 1000, 10,000 are called 
powers of ten. They are the product of tens only. 

3* Have pupils note that 10 is used as a factor twice in 10x10; 

10 is used as a factor three times in 10x3.0x10, and so on. 

B. Meaning of exponent 

1. Instead of writing 100 as 10x10, we can write 100 = 10x10 = 10^ 

Instead of writing 1000 as 10x10x10, we can write 1000 = 10x10x10 = 10 

2. Tell pupils that the symbols'® "and”® "are called exponent symbols 
(exponents^ for short). They tell us the number of times 10 is used 
as a factor. 

3* Beplace the frames. 

a. 10,000 = 10x10x10x10 = 10^ 

b. 100,000 = 10x10x10x10x10 =Q« 

c. 1,000,000 =a xQ xQ xD xD xP =□* (challenge) 

4* Since 100 = 1Q^> we say that 100 is the second power of ten. 

a. What is the third power of ten? the fourth power? 

b. Which power of ten is 100,000? 1,000,000? 

5* Have pupils realize that we can use exponents to show the number 
of times numbers are Used as factors. 
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a. 2® = 2x2x2, or 85 8 is the third power of 2. 

b. 7® ~ 7x7, or 49; 49 is the second power of 7. 

c. 3* = 3x3x3x3, or 8I5 81 is the fourth power of 3# 

d. 36 is the second power of ? 

C* Ebqpressing a number by an expanded numeral using exponents 
!• Complete the table: 



400 


4x100 


4x10x10 


4x103 


6,000 


6x1000 


6xlQxlOtxlO 


? 


70,000 


7x10000 


7 


? 


800,000 


? 


0 

m 


? 



2 » Vfelte in expanded form using exponents: 

8,341 “ (8x1000) + (3x100) + (4x10) + (1x1) (think) 

*= (8x10®) + (3x10®) + (4x10) + (1x1 ) (write) 

605 “ (6x10®) + (QxlO) + (5x1) 

79,214 “ (7x10*) + (9x10*) + (2x10)® + (ixlO) + (4x1) 



!!• Practice 

A* Replace the frames. 

1. 10x10 « 10° 

2. 10x10x10x10 » 10° 

3. 100 = O® 



4. 10,000 = c? 

5. 100,000 = n* 



6 . 10 , 000,000 = 0 ^ 

7 . 5x5 = 5° 

8. 4x4x4 =fl® 

9. .16 = 4° 

10 . 16 - 2 ° 
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B. Write the standard numeral for each of the following: 

1. 10» 3. 10* 5. ^ 7. lOP 9. ICbdO® 

2. 10® 4. 2® 6. 10« 8. 5® 10. 2x^ 

C* Miat is the value of 10*? of 6x10*? of 233dC^? 

D. Rewrite using esqponents. 

1. 500 (5xlC^) 3. 90,000 

2. 8000 4. 15,000,000 

E. Wk*ite in expanded form using exponents. 

1. 255 3. 4,02? 

2. 3698 4. 18,529 

P. What is the second power of 10? the fifth power of 10? 

G. What is the third power of 3? the fourth power of 3? 

H. Which power of 10 is 10,000? Which power of 7 is 49? 

I. Find the second power of each of the following numibers: 

1. 2 2. 5 3* 7 d* 11 

J. Which is greater, 4* or 3*? Bbcplain. 

XU. Summazy 

A. What is meant by powers of ten? (numbers which are the product 
of tens only) 

B. What is meant by powers of three? powers of five? 

C. Give two examples of powers of ten. (100, 10,000, etc.) 

D. What is the meaning of an exponent? 

E. Write a fom>digit numeral for a number. 

Express the number by an expanded numeral^ by an esgpanded numeral 

using exponents. 

F. ^t new vocabulary have you learned today? 

(jpower, exponent) 
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Lesson 8 

Topic: The Decimal System of Numeration 

Aim: To extend the understanding of place value through hundred billions 
Specific Objectives: 

To extend the place value table through hundred billions 
Reading and writing word names for numbers 

Challsuge: How many times a million is a billion? 

I, Procedure 

A. Place value through hundred billions 

1* Review place value through millions* Set up place value table* 




2* Recall plan for assigning place value to a digit in a numeral 
and extend place value table throu^ Inindred billions* 
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a* How many times a thousand is a million? 

b. How many times a million is a billion? (Challenge) 

Note ; In the United States, a billion is a thousand millions; 
in Great Britain, a billion is a million millions. 

3. Elicit that the place value names for tens place, hundreds 
place, thousands place, etc. may be expressed as; lO, 

ICP, 10®, 10^, and so on, through 10^^ for one hundred 
billion. 

B. Reading and writing word names for numbers 

1. Have pupils reeall that when reading numerals, we read in 
groups, called periods . We use commas to separate the periods. 

2. Elicit name of each period; units, thousands, millions, billions. 
Elicit that each period contains ones, tens and hundreds. 




3* Hav© pupils recall that to read a numeral we read the part of the 
numeral (starting at the left) in each period, adding the period 
name. We do nob read the word "ones" at the end. For exEunple, 
we read the numeral 13>496>021,685 in this way: 

thirteen billion, four hundred ninety-six million, twenty-one 
thousand, six hundred eighty-five. 

,2. Read the numeral: 263,409,696,378 the same way. 

3. Write the standard numeral that represents two hundred thirty 
billion, 6 hundred seven million, three hundred ten thousand, 
forty-six. (If necessary, have pupils use the period chart to 
do this.) 



II. Practice 



A. Count as directed below: 



1. by 100,000* s to 1,000,000 

2. by 10,000,000* s to 100,000,000 

3. by 100,000,000*8 to 1,000,000,000 



B. Read the following numerals: 



1. 87,493 

2. 325,671 

3. 202,305 

4 . 4 , 000,000 



5. 1,849,217 

6. 50,300,000 

7. 134,560,000 

8. 14,000,000,000 



9. 17,500,000,000 

10. 22,356,000,000 



C. Write the standard numerals for these numbers, 

1, Eight thousand, four hundred fifty 

2, Two hundred fifty thousand, nine hundred seventeen 

3, Three hundred seven million, one hundred eighty-five thousand 

4, Five billion, six hundred ninety-seven million 

5, One hundred four billion 

D, E:}qDress each of the following using exponents: 

1. 36,000 (36 X 10») 3. 142,000,000 5. 10,000,000,000 

2, 67,000,000 4. 92,000,000,000 

£• How many thousands are there in ^ million? in \ million? 

F, How many millions are there in i billion? in ^ billion? 

G, Change numerals to word names and word names to standard numerals, 

1, The planet Venus is about 67,270,000 miles from the sun, 

2, In 1964, the gross national product was approximately six hundred 
eighteen billion, five hundred million dollars, 

3, A satellite sent a message from 34,000,000 miles in space, 

4, On the stock market, eight million, four hundred thirty-two thousand 
nine hundred sixty-two shares were traded, 

5, Congress appropriated $2,485,000,000 for education, 

H, How many times as large as the first number is the second number? 

1 , 20 ; 200 4 . 205 ; 2 , 050,000 

2. 35; 3500 5, 1190; 119,000,000 

3, 143; 14,300 6. 15,000; 1,500,000,000 

III, Summary 

A, How many times ten million is a billion? 

B, What are the names of the first four periods? 

C, How do we read a numeral? 

D, What is the least number that can be named in any period? 

What is the greatest? 



Lesson 2 

Topic: Other Numeration Systems 

Aim: To express a number in various bases 



Specific Objectives: 

To extend understanding of the meaning of numer^ 

To ^Sge^ set of objects in various groups; to express these 

grou^gs by numerals in the appropriate base 

„ Tt Is believed that our decimal system of numeration is 

Motivation: It is bel^evedj^ fingers. 

H^weSd we Icpress our numbers if our system were based 



I. Procedure 

A. Extend the understanding of the meaning of numeral 

1. Review that a numeral is a symbol for a number. 
The number 25 may be ejqjressed as: 



25 XXV 5® (2x10) + (5x1) 

Elicit that these numerals all name the same number. 

2. Have pupils e:q)re 3 S several other numbers, using a variety 
of numorals for each one. 

B. Groupings of objects; the use of numerals to name the groi^ings 
1. Have pupils consider a set of x's such as the set shown below: 

xxxxxxxxxxxxxxxxx 

Have them group the elements of the set by tens. 

[xxxxxxxxx aI x X X X X X X 

a. How many groups of ten elements if\en? (7) 

Hftw manv elements are there not in a gro p 



tens ones 

1 1 7 



b. ELicit that the numeral 17 in our base ten system shows 
this grouping of 1 ten and 7 ones. 

2. Have nupils group the elements of the set by ei^ts. 

iTg X X X “x: X X xltx X X X X X X :g l X 
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A system of grouping by eights Is called a base eight systea. 

a* How many groups of eight are there? (2) 

How many elements are there not in a group of eight? (l) 

eights ones 



b. In base ten, 1 group of ten and 3 ones can be called 
1 ten + 3 ones. 

VAiat can we call 2 groups of eight and 1 one in base eight? 
2 eights + 1 one 

c. A short way of expressing 2 eights and 1 one is 21, base 
eight. This is read: two, one, base eight, not. twenty-one, 
base eight. 

1) In 17, base ten, idiat does the digit 1 tell you? 

2) In 21, base eight, what does the d^it 2 tell you? 

3) In 17, base ten, what does the digit 7 tell you? 

4) In 21, base eight, what does the digit 1 tell you? 

d. Tell pupils that vAien we want to show in what base a 

nihneral is written, we usually write li^stead of 

21, base eight. 

3. Have pupils regroup the seventeen elements in various ways, 
a. Groups of seven: He x x x x x xi ix x x x ^ x xl x x x 
sevens ones 



The base seven numeral which expresses the number of 
elements is 23ge^en three, base seven) 



b. Groups of six: 
sixes ones 



X X X X X X 



X X X X X x| X X X X X 



The base six numeral which e3q)resses the number of elements 
is 25 



X X X X X 



X X 



c. Groups of five: )x x x x x | x x x x x 
fives ones 

~3 I 2 

The base five numeral which e^qpresses the number of elements 
is 32fiT. . 
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d. Groups of t.welve; | xx ^^xxxxxxx£| x x x x x 



twelves ones 

r I 5 

The base twelve numeral which expresses the number of 
elements is 15twelve* 

4. Elicit that: [17, 21^^^^^^ ^^seven^ ^^six^ ^^f±ve> ^^tvrelveJ 

consists of different numerals for the same number. 

5 Tell pupil that any numeral written without a base indicated 
’ Is^LLtood to be written in base ten. the base of our 

decimal system of numeration. 

Note* At this time, do not group any number of 

^res Tnmeral’of three places. Exten^on to third and 

fourth places will be considered in the next lesson. 

6 Have Duoils detenr.ine what number would be represented by 
* the symLl 42 if 42 is interpreted in the following bas . 



L2 . (4 eights + 2 ones, or 34) 

^eignt 



4^3 even 



(4 sevens + 2 ones, or 30) 

(4 sixes + 2 ones, or 26), and so on 



li. Practice 

A. Regroup twenty objects and record the numeral which shows a 
grouping by: 



1. tens 

2. nines 

3. eights 



4. sevens 

5. sixes 

6. fives 



B. 



C. 



lad the numerals you recorded in A. 

•ite a base ten numeral to represent each 
, (2 ei^ts + 4 ones or 20) 4. 

. 87,dne 

• 54six 



of the following; 

23twelve 

44five 



D. Vfhlch statements are true and which are false? 

3six " 3nine 37nine > ^five 

2 , 30six “ 30nine 5* 22seven “ ^^en 

3* 14five 

III. Summary 

A. In our base ten system of numeration, we group by tens. 

How do we group in a base eight system? in a base twelve system? 

B. What are several ways involving different bases in which the number 
sixteen can be expressed by a numeral? 

Does the number change? Explain. 

C. If you want to express thirteen in base five, how many groups of 
five will you have? 

How many ones will you have? 

Express thirteen with a base five numeral. 

D. If a numeral has no indicated base, vdiat base is understood? 
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Lesaona 10 and 32 

Topic: Numeration in Base Five 

Aim: To learn the base five (quinary) system of numeration 
Specific Objectives: 

To compare number of basic symbols in base ten and in base five 
To develop a place value table for base five 
To interpret numerals in base five by means of place value 
To con^are base ten and base five numeration systems 

Challenge: VIhen does *100 '*not mean one hundred? 

I. Procedure 

A* COT?)arison of symbols in base ten and in base five 

1, Review the set of basic symbols used to e3q>ress numbers in 

base ten: (0^ 1^ 2, •••> 9} 

2. Elicit that a base five system woxild have five symbols: 

0, 1, 2, 3, 4. 

Note that there is no numeral 5 in base five. 

B. A place value table for base five 

1. Review place value table for base ten. 



Base Ten Place Value Table 



e • • 


Hundreds or 
Ten Tens 


Tens 


Ones 




10 X 10 


10 


1 



a. Write 36S as an eaqianded numeral. _ 

b. Elicit that in a base ten numeration system the value of 
each place is ten times the value of the place to its right. 

2. Have pupils consider the following group of x*s: 

xxxxxxxxxxxxxxxxxx 

«• How many groups of five x*s can you form from the x*s? 
b. Have pupils show grouping by fives. 

I « « X xxl I X X X X xi Ixxxxxi XXX 
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c. Have them write the base five numeral ifiAiich expresses 
the number of x*s. 

3 fives + 3 33five 

1) In 33five^ ^ right tell us? 

2) In 33five^ vAiat does the 3 at the left tell us? 
What is its value? 

3* Begin development of a place value table for base five, 
a. Base Five Place Value Table 



Fives 


ones 


3 


3 



3 fives 3 ones 
^^five 

b. Elicit that the base five numeration system is a place- 
value system. The place at the right is ones place. 

The next place to the left is fives place, 

c. Have pupils use a place-value table and replace each 
frame so that a true statement results* 



12,i^e 


= Q fives + 2 ones 


2) 34five 


= 3 fives + n ones 


3 ) 44fiye 


= □ fives +□ ones 


3fiye 


= □ fives + 3 ones 



d. Have pupils compare the place value tables for base ten 
and base five shown below: 

Base Ten Place Value Table Base Five Place Value Table 
Tens I Ones Fives I Ones 

How are these tables alike? How are they different? 

e* Have pupils write the numerals in base five notation for 
the numbers from one to twenty-four. 

If ,2f 3f 4f lOf II 5 I2f •••f ^ 

4* Extending the place value table for base five 

a* Elicit that in base ten we fom large groups of ten sets 
of ten objects* 



\ftiat is the base ten numeral for the number in ten 
sets of ten objects? (lOO) 



b. Have pupils examine the grouping of circles below: 



ooooo 




ooooo 


ooooo 




ooooo 


ooooo 




ooooo 


ooooo 1 


i 


ooooo 


ooooo 




ooooo 



I 

i 00000 



I ooooo 



0000 



1 ) 



Have pupils see that Pereas in base ten we form a large 
group from ten sets of ten objects, in base five we form 
a large group from five sets of five objects. 



2) How many large groups of five fives are there? 

How many groups of five circles (not dji a group of five 

fives are there? , *> 

How many circles are not in a group of five. 



3) Elicit that the total number of circles is: 

2 five fives + 3 fives + 4 ones or 
2 twenty-fives + 3 fives + 4 ones. 

4) In base five, how can we write 2 twenty-fives + 3 fives 
+ 4 ones in short form? (234jpj^Ye' 

c. Extend place value table for base five to twenty-fives place. 

1) Recall that in a base ten numeration system, the Plac® 
to the left of tens place is ten tens place, or hundreds 

pX&C0# 

2) Elicit that in a base five numeration system, the place 
to the left of fives place is five fives place or twenty- 

fives place. 

3) Have pupils examine the place value tables for base ten 
and base five as follows: 



na.se Ten P! 


Lace Value Table 


Base Five Plac 


e Value !I 


Cable 


Ten Tens 
Hundreds 


Tens 


Ones 


Five Fives 
Twenty-fives 


Fives 


Ones 



How are these tables alike? How are they different? 
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4) What is the value of lOOf (Refer to challenge, ) 

d. Use similar procedures to develop one hundred twenty-fives 
place; six hundred twenty-fives place, 

C, Interpreting numerals in base five by means of place value 

Have pupils use place value to change a base five numeral to an 
equivalent base ten numeral. 

1. 432 «. = 4 twenty-fives + 3 fives + 2 ones 

= 100 +15 +2 
= 117 

2, 12afivs * 1 one hundred twenty-five + 2 twenty-fives + 4 fives 

+ 1 one 

= 125 + 50 + 20 + 1 
= 196 

3 . 322Alfi„ « 3 six hundred twenty-fives + 2 one hundred twenty-fives 

+ 2 twenty-fives + 4 fives + 1 one 

= 1875 + 250 + 50 + 20 +1 

= 2196 

D, Have pupils compare base ten and base five numeration systems, 

1, Recall that in the base ten numeration system, grouping is 
done by tens, ten tens, and so on. 

Elicit that in the base five numeration system, grouping is 
done by fives, five fives, and so on, 

2, In the base ten place value system, the value of each place 
is ten times the value of the place to its right. 

In the base five place value system, the value of each place 
is five times the value of the place to its right, 

II, Practice 

A. Draw dots and encircle groups to show the meaning of each numeral, 

^^five ^5five ^five 

B. Count in base five from five to twelve; from twenty-two to twenty- 
six; from seventy-three to seventy-seven, 

C. Write the base five numerals for the numbers from 434five through 

1004five • 

D. What is the value of the numeral 10 in base ten?; in base five? 

Why do we refer to^’10”as the base number? 
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E. Change each of these numerals to an equivalent base ten numeral. 

1. 24five 

2. Wlfive 5. 30003fi^e 

3. 3330five 

t . Which of the members of this set represent odd numbers? 

[Ufive> 32five> 23five» A.01five> 42five3 

r Tn the follovdng sequence, each number after 1 is 

Sealer tS^^f previous’number. Write the names for the 

next five numbers. 

1. 4. 12«v«> 20five> ••• 



III. S^umnary 

A. What are the basic syi^ols in the base ten system of numerals? 
in base five? 



B. Why is 374five meaningless' 



C. How many numerals can you write with the basic symbols in base 
ten? in base five? 

D. What is the numeral for the base number in base ten? in base 
five? in any base? 

E. What are the names of the place values in the toe 
value table beginning at the ones place and moving 

F. How does the value of each place compare with the value of the 
place on its right in the base five system. 

G. How do we find a base ten numeral for a base five numeral such 

as 333fj^^g7 



Lesson 12 



Topic: Base Five 

Aim: To extend understanding of base five 
Specific Objectives: 

To express base five numerals in expanded form using exponents 
To convert from base ten to base five 

Challenge: We know that lOO^^^g represents the number 25. 

Wh?w numeral in Base five represents the number 100? 

!• Procedure 

A* Expanded form of a base five numeral using exponents 

1, Have pupils recall that 25 == 5x5 = ^ 

125 = 5x5x5 = f 

625 = 5x5x5x5 = 5* , and so on. 

2, Have pupils express base five numerals in e^qjanded form using 
exponents* 

a* 432^^^^^ = 4 twenty-fives + 3 fives + 2 ones 
- (4x25) + (3x5) + 2 

= (4x5®) + (3x5) +2 

b* 3144£^yg = 3 one hundred twenty-fives + 1 twenty-five + 4 fives + 4 
^ - (3x125) + (1x25) + (4x25) + 4 

= (3x5») + (1x5®) + (4x25) +4 



c. 4033^^^^ = 4 one hundred twenty-fives+0 twenty-fives+3 fives+3 

= (4x125) + (0x25) +(3x5) +3 

= (4x5®) + (0x5®) + (3x5) +3 

d. 24331^. = 2 six hundred twenty-fives+4 one hundred twenty-fives 

w ^ 3 t„enty-fives + 3 fives + 1 

= (2x625) + (4x125) + (3x25) + (3x5) + 1 
= (2x5*) + (4x5®) + 3x5®) + (3x5) + 1 
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B. Converting from base ten to base five 



1. Refer to ^ems^of 

re'hmdred twenty-fives or 5». twenty-fives or 5». fives, and ones, 

How^do^we^record this as a base five numeral? 

Think of a set of 69 objects, 

a. 69 > 25 and 69 < 125. Ve therefore begin with twenty-fives. 

b. How mny sets each containtog t«^ty-five elements can be 
formed from the set of 69 objects. (2) 

We then place 2 in twenty-fives place. 

/ Q « 5 . How many elements are left? (19) 

69 - ^ five 

c. How many sets each contatoing five elements can be formed 
from a set of 19 objects? (3) 

How many elements are left? (4) 

We then place 3 in fives pUce and 4 in ones place 

69 = 234five 

d. Have pupils check by e^qjanding 

23^five ^ 

=s 50 + 15+4 

Ao 



3, Refer to challenge. 

Convert 100 to a base five numeral, 

a, 100 > 25 and 100 < 125. Begin with twenty-fives, 

b’. There are U sets of 25 in 100. Enter 4 in twenty-fives place. 

100 = 4 five 

How many elements are left? (none) 
c, 100 =® 400£^y^ 
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d. Check by expanding 






*100 + 0+0 



* 100 



II, Practice 



A. Write in expanded form using exponents: 




4. 1030fi„ 

5. 2004fi^g 

6. 3421j^j_yg 



B, Give the equivalent standard base ten numerals for the numerals 
in A, 

C, Between which two successive powers of five is each of the 
following: 

1. 36 (36 > 25 and 36 < 125 ) 4. 500 

2. 87 5. 720 

3. 127 

D, Convert each of the base ten numerals in C to base five numerals. 
Check your answers, 

III, Summary 

A, What are the first four place values in base five numeration 
beginning at the ones place and moving left? 

B, E3q)ress these place values of A using e3q)onents, 

C, Expand 124^j^yg using exponents, 

D, How would you find the base five numeral for 87? 






CHAPTER II 



The major objective of this chapter is to suggest procedures for 
helping the pupil extend his understanding of the operations and prop- 
erties of whole munbers, thereby increasing his proficiency in compu- 
tational skills and in problem solving. 

A meaningful approach to the teaching of mathematics demands that 
considerable emphasis be placed upon the structure cf our number system. 
Thus, the principles involved in the commutative, associative, and 
distributive laws of mathematics are a fundamental part of this course. 
Through the understanding and application of these principles, pupils 
are assisted in developing not only skill but also concepts of the 
nature of the operations, and understandings underlying- the technique 
of computation. The significance of these laws and properties of 
mathematics becomes clear to pupils vrtio have opportunities to dis- 
cover them and to observe >diat happens when they are used. For example, 
understanding of a distributive property which combines addition and 
multiplication gives the pupil increased insight into the algorithm 
used in multiplication of numbers with two or more places. Thus, 



25 

75 



3 X 25 • 3 X (20 + 5) ** (3 X 20) + (3 ^ 5 ) 

= 60 +15 *75 




4 X 236 - 4 X (200 + 30 + 6) 

* (4 X 200) + (4 X 30) 

* 800 + 120 

« 944 



+ 

+ 



(4 X 6) 

24 



An understanding of the meaning of the basic °°”P^ation^ pro- 
cesses can enhance the analysis of problem solvtag. 
tion, the concepts and terminology of sets can be used to 
arittaetic operations of addition, subtraction, ^tiplication md 

When addition is perceived by the pupil as related to the 

ioining of sets, multiplication to the joining of sets of 

«id so^on, his abUity to analyze a social situation to determine the 

appropriate computational process is increased. 









CHAPTER II 



OPERATIONS and PROPERTIES of WHOLE NUMBERS 

Lessons 13*28 



Lesson 13 

Topic: Addition of Whole Numbers 

Aim: To show how the union of sets is related to the addition of whole 
numbers 

Specific Objectives: 

To recognize pairs of sets as disjoint sets 
To develop the concept of union of two sets 

To show how the union of two disjoint sets is related to the sum of 
two numbers 

Challenge: Consider the two sets: 

A = [Harry, Mark, Alan, JimJ 
B = tSue, Helen, Flora} 

Which members of set A are also members of set B? 

I, Procedure 

A, Disjoint sets 

1, Elicit that sets A and B have no members in common, 

2, Tell pupils that when two sets have ho element in common they 
are called disjoint sets, 

3, Which of the following pairs of sets are disjoint sets? Explain, 

a, R = [1,2,3} S - [2,5,6,?) 

b, M = [a,b,c,d,ej N = 

c, P = p,2,4,6} Q =* £1,3, 5, 7, 9} 

d, The set of whole numbers and the set of even numbers. 






B* Union* of sets 

1* Consider the follovdng sets: 

Set E is a class committee for magazines and newspapers* 

Set H is a class committee for books* 

M = ^Robert, Laura] 

B = IJIita, Paul, Leonard] 

a* The magazine committee and the book committee were combined 
to form the class library committee* 

If we call the library committee set L, who are the members 
of set L? 

L = [Robert, Laura, Nita, Paul, Leonard] , 

b* Are there any members of set L not in either set M or set B? 

c* Are there any members of set L who are in both set M and 
set B? 

2* Consider the sets: 

R * P'>2,3,4,5] 

S = fr,5,6,7] 

a* If you combine the members of set R with the members of 
set S, what is the resulting set? 

T * {.,2,3,/f,5,6,7] 

b* Are there many members of set T not in either set R or set S? 

c* Are there any members of set T which are in both set R and 
set S? 

3* Tell pupils that >dien two sets are "joined” to form a third set, 
the resulting set is called the union of the two sets* 

The union of two sets is a set which consists of only those 
elements which belong to either or both sets* 

Set L is the union of set M and set B* 

Set T is the union of set R and set S* 
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4. Although an element may be in both sets, it appears only once 
in the union of the two sets. 



C == A U B means set C is the union of set A and set B. 

6. Name the members of the union of each of these pairs of sets 

a. D = (John, Joe, Sue} E ~ (Ann, Sue, Ellen, Harry} 



C. Relating the union of disjoint sets to the sum of two numbers. 

1. Have pupils consider: 

H *= {Frances, Helen, Janet, Beth} and 
K = ICliff , Gary, Barbara} 

a. Elicit that sets H and K are disjo^t sets. 

b. How many elements are in set H? (4) 

c. How many elements are in set K? (3) 

d. Find H U K. 

e. How many elements are in H U K? (7) 

2. Consider C = la,e,i,o,u} and D = {l,2,3,4l • 

a. How many elements are in set C? (5) 

b. How many elements are in set D? (4) 

c. Find CUD. . 

d. How many elements are in C U D. v// 

3. Set M consists of 40 history books. 



Why are there only 7 elements in set T? 



5. The symbol for union is U . 

A U D means the union of set A and set B. 

We read this: "A union B”or”the union of set A and set B. 



b. R = fa,b,c,d,e} S — fc,d,e,f,g} 

c. V* {0,i;2,3,4} fO,5,10A5} 

d. A = {0,1,2,3,4,...} {1,3,5,7^9,...} 






4. Elicit that the of the number of elements in a pair of 
disjoint sets is* the number of elements in the union of the 

two sets. 

The union of two disjoint sets is related to the sum of two 
numbers. 

5. Consider A = p->2,3>4>5} > B = 

a. Elicit that these sets are not disjoint. 

b. How many elements are in set A? (5) 

c. How many elements are in set B? (3) 

d. ’What is A U B? il,2,3,4,5,6 } 

e. How many elements are in A U B? (6) 

f . lifliy is the number of elements in A U B not the sum of the 
number of elements in set A and in set B? 

II. Practice 

A. Wiich of the following pairs of sets are disjoint sets? 

1. fO,l,2,3,5} and f4,6,9>10} 

2. {a,f,g,h} and {h,k,m,n} 

3. {100,2CX),300,400} and {500,600,700} 

4. The set of whole numbers and the set of odd numbers. 

5. The set of even numbers and the set of whole numbers. 

B. List the elements of each set. 

1. |Mary, Frances, Helen, Rosa} U {Helen, Rosa, Ann} 

2. {1,3,5,7} u Cl-,4,6,8} 

3. {3,6,9,12,15} U 11,2,3,4,5} 

4. {0,1,2,3,4,... } U t0>2,3,6,8,...} 

5* 10,2,4,6,8,...} u P-,3,5,7, • • • } 

6. { } ^ 1,2,3, 4} 

C. If A is the set of letters in baseball and B is the set of letters 
in sport . vdiat is A U B? 



Then list in braces 



D* Construct tvfo sets iiAiich are disjoint sets* 
the members of the union of the two sets* 

E* Form two disjoint sets of which the set {2,3>4>5>7} is the union* 
Form two sets which are not disjoint of iidiich the set 
is the union* 

F* Find the number of members in the union of the two sets in each 
of the following cases: 

1. Set A contains 3S notebooks* 

Set B contains 43 pencils. 

2. Set R contains 128 science books* 

Set D contains 319 history books. 

3* Set P contains 786 pupils* 

Set T contains 28 teachers* 

t 

III* Summary 

A* What is meant by disjoint sets? 

B* What is meant by the union of two sets? 

What symbol is used to represent union? 

C* How does the number of elements in the union of two disjo^t 
sets compare with the number of elements in each of the given 

sets? 

D* How does the number of elements in the union of two sets which 
are not disjoint con^are with the sum of the number of elements 
in each of the given sets? 

E* What new vocabulary have you learned today? 

(union^ disjoint set) 
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Lesson 14 



Topic: Addition of Whole Numbers 

Aim: To understand the closure and commutative properties of addition 
Specific Objectives: 

To understand: 

The set of whole numbers is closed under addition 
The set of whole numbers is not closed under subtraction 
The order of adding two whole numbers does not affect the sum: 
commutative property of addition 
Subtraction is not commutative 
Zero is the identity element of addition 

Challenge: When we compute the sum in an addition example, why do we 

often check our work by adding in the "opposite direction".'' 

I, Procedure 

A, The closure property of addition of vdiole numbers 

1, Review that the set of whole numbers consists of the set of 
natural numbers and zero, 

2, Consider the set: {0,1,2, 3>4 ] • 

a. Add any two numbers of the set. The addends may be the same 
number. Is the sum always a member of the set? 

For example, 0+^^=2 (2 is an element of the set) 

1+3-4 (4 is an element of the set) 

l+4=? 

We do not have 3 in our set so that the sum of two of the 
numbers of our set is not in our set, 

b. Conclude that the sum of two elements of a set is not always 
an element of the set, 

3# Consider the set: {0,1,2, 3> •••} • 

a. What is the sum of 8 and 7? Is the sum a ^ole number? 

b. What is the sum of 500 and 900? Is the sum a vrtiole number? 

c« After several such illustrations, have pupils conclude that 

for any two whole numbers there is a sum which is also a 
whole number, 

4, Tell pupils that since the sum of any two elements of the set of 
whole numbers is an element of the set, we say the set of whole 
numbers is cl osed under the operation of addition. This is called 

the Oloaure Property of Addition for Whole Numbers , 
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B« The set of whole numbers is not closed under subtraction 



1. Consider the set: [0,1, 2, •••3 

a* Can we always subtract two vAiole numbers? 

Is the difference always a whole number? 

10-3 = 7 
7-6 * 1 
150 - 28 = 122 
13 - 16 = ? 

b. Have pupils conclude that the difference of two whole 
numbers is not always a idiole number. 

2. Elicit that the set of whole numbers is not closed under 
subtraction* 



3. Have pupils, see that one counterexample (one case' in i»diich 
the difference of two whole numbers is not a vAiole number) 
is sufficient to show that the set of whole numbers is not 
closed under subtraction. 



. Commutative property of addition 
1. Have pupils compute the sums in each pair of exanqples: 

a. 14-+17 17+14 c. 69+136 138+69 

b. 36+52 52+36 d. 4360f5955 5955+4360 



2* Have them conclude that 

a. 14+17=17+14 o. .69+138=138+69 

b. 36+52=52+36 d. 4360+5955=5955+4360 

3* Replace each Owith a numeral so that a true statement 
results. 

a. 25+19 = 19+q c. D+85 = 85+116 

b. 38+22 =D+38 d. 666+ O =* 222+666 

e. D+0 = 0+5 

4. In 14+17*31 and 17+14*31, we say that the order of the addends 
is different. Does the order of the addends affect the sum? 



46 - 



5. Tell pupils that the property of addition ^ich says that 
the order in which we add two whole numbers does not affect 
the sum is called the ComBaafcitfciye Property of Addition * 

6. Refer to challenge. 

Have pupils see that they use the commutative property of 
addition in checking the addition of two whole .nurcibers as 
follows : 



59 


Add 


59 1 


V Add 


+86 -d 


i downward 


+86 1 


1 upward 


145 




145 





D, Subtraction is not commutative. 

1, Consider: 8-5=? 

5-8=? 

2, Elicit that 8-5 is an element of the set of idiole numbers. 

This is not so for 5-B, The differences are not the same. 

The order of the numbers does affect the result. 

3, Have pupils coiiclude that subtraction is not commutative. 

E, Zero is the identity element of addition, 

1. Have pupils consider which replacement for each frame will 
result in a true statement. 

3+0=3 0+ 55 «55 

27 + Q = 27 G +256 = 256 

2. Elicit that when each frame is replaced by 0^ a true statement 
results. 

3 + 0 ~ 3 - true 0 + 55 = 55 - true 

27 + 0 = 27 - true 0 +256 = 256 - true 

3* Tell pupils that because the sum of zero and any number is 

the identical number, zero is called the identity element for 
addition. 



4* Have pupils give statements showing commutativity for each of 
the following: 

a. 0 + 1 =* 1 (1 + 0 = D 

b. 0 + 13 = 13 

c. 49 + 0 = 49 

d. 2964 + 0 * 2964 



5. Is zero an identity element for subtraction? Is 84 - 0 - 84? 

MOTE ; Zero is a right identity element enly, because 84 - 0 “ 84, 
but 0 - 84 is not equal to 84» 

II. Practice 

A. Which of the following sets is closed under addition? 



3. [5,10,15,20,...} (Yes) 

B. Is the set of whole numbers between 30 and 40 closed under addition? 
Explain. 

C. Is the set of even numbers closed under addition? Explain. 

D. Is the set of odd numbers closed under addition? B]q)lain. 

E. Is any set in A closed under subtraction? 

F. Which of the following are commutative, that is, in vriiich does the 
order not affect the result? 

1. Putting on one*s left glove; putting on one*s right glove. 

2. Putting on one*s socks; putting on one s shoes. 

3. Preparing lunch; eating lunch. 

4. Preparing English homework; preparing math homework. 

G. Which of the following are exampias of the commutative property 
of addition? 

1. 32 + U = 14 + 32 



1. fo,i} 

2. f0,l,2,3,4,5,8) 



(Bo) 4 . (5,10,15,20} 

(No) 5 . (7,14,21,28,... 



2 . 4 + 1 - 0 + 5 



NOTE: The sum is the same, but the addends 
are“not. Therefore, this is not an illus- 
tration of the commutative property of ad- 
dition. 



3. 2 + 678 = 676 + 4 



5 . 32678 + 1682 - 1682 *= 32678 



4. l + 0 = 0 + l 



6 . 4 + 3 = 7 
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a. 14 + 8 = d + 14 d. 98 + 119 = 119 + 98 

b. 72 + 29 * 29 + 72 e. 0 + 62 = 62 

c. 25 + 0 = 25 
!• Add and check: 

1. 27 2. 416 3 . 6720 4. 47,H2 

+38 + 89 +4792 + 9.0U 

HI* Summary 

A* Miat do we mean when we say a set of numbers is closed under addition? 

B. Name two sets of numbers that are closed under the operations of ad- 
dition* 

C« What name is given to the property of numbers which states that the 
order of adding two numbers does not affect the sum? 

D« Name an operation under which the set of whole numbers is not closed* 

E. Name an operation of whole numbers which is not commutative* 

F* What is the identity element of addition? Explain. 

G* What new vocabulary did you leam today? 

(closure^ commutative property of addition of idiole numbers. 

Identity elensnt for addition) 




Lesson 15 



Topic: Addition of Whole Numbers 

Aim: To understand and use the associative property of addition of 
whole numbers 



Specific Objectives: 

the associative property of addition 
Subtraction is not associative 
Regrouping can simplify addition 

Motivation: What is the easiest way to compute the sum: 16 + 25 + 75? 



!• Procediore 



A. Binary operation 

6 

1* Have pupils add these numbers# ^ 

JL 

2. Have them note that thsy added only two numbers at a time: 
* ^3, 9+7. 

Have them observe this as they confute other sums. 



3. Tell pupils that addition is caUed a b ina ry; operation; an 
operation performed on two numbers at a time. 

4. Have pupils note further that they grouped 6 3 to con?>ute 

toe sm, 9, and then added 7 to obtain a total of 16. 

5. Recall that we can show this grouping by using parentheses: 

+ 7. 



B. The associative property of addition of whole numbers 

1 Elicit that in computing the sum 6+3+7, we may ^so group 3 and 
7. ™re the sum, 10, and add it to 6 to obtain a total of 16< 



a* How can we 

b. Do (6+3) + 

c. Is (6+3) + 



show this grouping? 6 + (3+7) 

7 and 6 + (3+7; name the same number. 
7 = 6+ 0+7) ^ true statement? 
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Consider the motivation example. 



a. Ask pupils to compute the sum, 

b. Some pupils will group 16 and 25, compute the sum, 41, 
and add 75 to the result, obtaining a total of llht 

9 

This can be e^qjressed as (16+25) + 75. 

Some will group 25 and 75 and add 16 to the sum, 100, 
obtaining a total of 116. 

This can be expressed as 16 + (25+75). 

Pupils will notice that the second grouping will make the 
conputation easier. 

c. Have pupils see that: (16+25) + 75 — 16 + (25+75). 

3. Have pupils find the sum of each of the following in two ways 

a. 2 + 12 + 16 c. 41 + 59 + H6 

b. 19 + 15 + 22 d. 205 + 25 + 75 

4. Have pupils conclude that the sum of three whole numbers is 
the same whether the first two addends are grouped or the 
last two addends are grouped. This is called the Associative 
Property of Addition . 

5. How can we compute the sum of four (or more) whole numbers? 

a. Add: 2 + 7 + 6 + 8 

1) We could think: 2 + 7 = 9 (first sum) 

9 + 6 = 15 (second sum) 

15 + 8 = 23 (third sum) 

2) or, we could think: 2 + 7 = 9 (first sum) 

6 + 8 = 14 (second sum) 

9 +14 = 23 (third sum) 

b. Elicit that in addition of whole numbers, addends may be 
grouped in any way without changing the sum. 

C. Subtraction is not associative 

1. Have pupils consider whether, there is an associative property 
of subtraction. 

Does (11-6) -4 = 11 - (6-4)? Does 5 - 4 = H “ 2? 

5 - 4 = 1 and 11 - 2 = 9 

1^9 (the symbol f 
means "is not equal to"0 
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2* Have pupils conclude that subtraction is not associative* 

D* Sijnplif^ing addition by regrouping 

1. Which sum is easier to compute without using pencil and paper? 

a* ( 25475 ) + 87 or 25 + (75+87) 
b. ( 69 + 97 ) + 3 or 69 + (97 + 3) 

2* Use the method you think easier to find the sums-* 

3. To add 56 and 32, we think: 56 + 30 is 86, and 2 more is 88. 

We have used: 56 + 32 = 56 + (30+2), which has been regrouped 

as: ( 56 + 30 ) +2. 



4* CoB 5 )iite these sums mentally* 



a. 25 + 62 

b. 17 + 22 



0. 71 + 27 
d. 63 + 55 



5. Have pupils conclude that addition can often be simplified by 
suitable grouping* 



II* Practice 

A* Show that each of the following statements is true. 

1. (18+2) + 15 = 18 + (2+15) 2. (2W9 ) + 1 = 29 + (79+D 

20 + 15 * 18 + 17 

35 =35 

B. How can you tell idthout computing that the foUowing statements 
are true? 

1. (52+63) + 37 = 52 + (63+37 ) 2. 125 + (75+87) = (125-175) + 87 

C. Replace each frame so that a true statement results. 

1.4+ (3+6) = (4 + O) + 6 3. (38+ D) +25 = 38 + (16+25) 

2. (19+22) + 15 = o + (22+15) 4. □ (29+8) = (63+29) + 8 

D. Find the sum of each of the foUoMing in two ways. 

1. 36 + 47 + 10 4. 71 + 29 + 250 

2 . 89 + 22 + 51 5 . 6 + 10 + 8 + 4 

3. 106 + 41 + 59 6. 8 + 5 + 3 + 9 + 6 
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E. All of the follovdng statements are true. 

Decide idiether it, is easier to confute the sum as given at the left 
of the equal sign, or as given at the right. 

Then find the sum. 

I. ( 2498 ) 4* 47 == 2 4- ( 984 - 47 ) 3 . ( 97 + 16 ) + 4 = 97 + ( 16 + 4 ) 

2 . 60 + ( 40473 ) = ( 60440 ) + 73 4 . ( 4 + 196 ) + 217 * 4 + ( 196 + 217 ) 

III. Summary 

A. What is meant by the statement: Addition is a binary operation? 

B. What name is given to the property of "whole numbers "vrtiich permits 
us to regroup addends? 

C. Name an operation of ^ole numbers which is not associative? 

D. Why do we often regroup addends in addition? 

E. What new vocabulary did you learn today? 

(binary operation; associative property of addition) 



Lessons l6 and 17 



Topic: Addition and Subtraction of Whole Numbers 

Aim: To understand how our numeration system and the properties of addi- 
tion are used in computation 

Specific Objectives; 

How the properties of addition are used to compute sims , 
Understanding the short forms for finding sums and differences 
Introducing some ideas of proof 

Challenge: How would you compute the following s\am without using pencil 
and paper? 

25 + 58 + 75 



I, Procedure 

A. Using the properties of addition in computation 



1. Refer to challenge. 

Elicit that 25+ 58 + 75 may be grouped as (25+58) + 75 or as 
25 + (58+75). 

a. Elicit that the easiest way to compute the sum would be to 
add 25 and 75 first, and then add 58 to this sxim. 

b. How can we justify doing the computation in this way. 



2. Have pupils justify each step 

( 25+58 )+75 = 25+( 58+75) 

= 25+( 75+58) 

= ( 25+75 )+58 
= 100+58 
= 158 



of the computation as follows: 
Reason 

associative property 
commutative property 
associative property 

sum 25+75 
sum 100+-58 



3 



How are the properties of addition used in computing a sum such 



as 6/f+23? 

Sum 64+23 

64+23 = (60+4m20t3) 

- 60+(4+20)+3 

- 60K20t4)+3 

= {60t20)+(4+3) 

» 8CH7 

- 87 



Reason 

63 q)anded numeral 

addends may be grouped in any way 
order of addends may be changed 
addends may be grouped in any way 
sum 60+20; 4+3 
sum 80t7 



4* Have pupils supply the reasons for the steps in finding 
sums such ass 34^52 ; 66+13 > and so on* 

B. Understanding the short form for finding sums and differences 



1* Have pupils supply the reasons in finding the sum: 27+61. 

Reasons 

27+61 = (20t7)+(6CH-l) ? 

» 20 +( 7 + 60)+1 ? 

= 2CM-(60+7)+l ? 

- (20+60)+(7+l) ’ 

= 8C+8 ? 

= 88 ? 

2. The svun 27+61 may be found by using a column form and renam> 
ing addends. 

Column Form 
27 20+7 

+61 60+1 

80+8 = 88 

a. Have pupils e^jplain the column form in terms of the steps 
and reasons in 1. 

'b. Elicit that the form in which we usually show our addition 
is a short form of the above column form. 

c. Have them do the addition using the short form. 

. 3. Consider the following addition example: 

46 40+6 

+25 20+5 

"5o3T * 60+(10+l) 

* (60+10)+1 
= 70+1 
« 71 

a. How did we express 11 (the sum of the ones)? 

b. What do we do idien the sum of the ones is ten or greater? 

c. Why is 60+(10+l) = (60+10)+1 a true statement? 

d« Have pupils do the addition using the short form. 
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4. Consider the following addition example: 



353 300+5CH-3 

+274 20CH-70t4 

500+12Q+7 = 500(1004-20 )47 
= (50arl00)+2O+7 
= 600+20+7 
= 627 

a* How did we es^press 120 (the sum of the tens)? 

b# What do we do when the sum of the '"^ens is ten tens or graater? 

c. Why is 500+(100f20) = ( 500+100 )+20 a true statement‘s 

d. Have pupils do the addition using the short form. 

5. Consider the following subtraction example? 



387 

-151 

a. Have pupils express the numbers in expanded form and then 
subtract • 



387 

=151 



300f80f7 

100503 

200304 = 234 



b. Use the expanded form and subtract as in a above. 

1) 2746 2) 485? 3) 36978 

-1632 - 145 -27657 

6. Consider the following subtraction example: 

734 

84 80+4 70+14 li K 

-36 30+6 30+6 -lA 

^ 40+8 = 48 4 8 

a. Why was 804 regrouped as 7014? 

b. Explain the short form as shown at the right. 
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7» Have pupils consider how 266 is subtracted from 528* 

412 

528 50CH-2CH-8 400fl20f8 ( ^ B 

-266 200+60^6 2 0CH-60 +6 -2 6 6 

2CCH-60 +2 = 262 2 6 2 

a* How was 528 finally renamed? Why? 

b. Explain the short form. 

8. Subtract, using first the expanded form and then the sho2?t 
form. 

a. 34 b. 81 c. 795 d. 200 

-4^ -i§2. 

C. Some ideas of "proof* 

1* Without using addition facts, how can you prove that 
(3+4)+5 = 3+(5+4)? 

a. Tell pupils that in mathematics we are often interested in 
proving statements. We do this by writing a series of 
steps and giving as a reason for each, basic properties we 
have previously agreed upon. 



b. To prove (3+4)+5 = 4+(5+3) 



Statements 


Reasons 


(3+4)+5 = (4+3)+5 


commutative property 


= 4+(3+5) 


associative property 


* 4+(5+3) 


commutative property 


II. Practice 




A. Find these sums mentally. 




1. 42+36 


5. 6+18+94 


2. 23+54 


6. 98+112+2 


3. 72+25 


7. 75+315+25 


4. 66+13 


8. 8+109+192 



B. Replace the frames. 

(30^5) + (20+3) = 30 + (Q + 20) + 3 

= 30 + (a + 5) +3 
= (30 + a) + (5 + 3) 
* 0+8 
= 58 



C. Replace the frames 



56 _ 50 + 6 

+2Z ” 30 + 7 

80 + (n + 3) 

= (80 + □) + 3 

= A +3 

= O 



D, Find the sums first by naming the addends in e^qjanded form, 
and then by using the short form* 

1. 215 2. 128 3. 4260 4. 6012 

+102 +221 723 +U66 

E, Use the short form to find the sums. 



1 . 138 
402 
665 



2. 4318 
176 
io^ 



3. 2215 
U68 
5813 
6961 



4. 613 
7819 
2344 
8001 



F. Give the reason in place of the question mark. 



6t3 + 35 = (60+3) + (3W5) ? 

= 60 + (3+30)+5 ? 

= 60 + (30t3)+5 ? 

= (60+30) + (3+5) ? 

= 90 + 8 
= 98 



G. Subtract 



1. 49 2. 76 3. 1243 

-16 - 376 

H. Prove the following statements: 



4. 5820 5. 87,092 

-1966 - 9.008 



1. (17+30)+13 = 30t(17+13) 

2. (25+19 )+75 = (25+75)+19 



III, Summary 



A, In computing sums, what properties of addition do we often make 
use of? 

B, What is meant when we say we will "prove” a statement of equality? 

C, In proving statements of equality, what properties of addition do 
we often make use of? 
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Lesson 18 



Topic: Addition and Subtraction cf Whole Numbers 

Aim: To learn to solve problems involving addition and subtraction of 
•whole numbers 



NOTE:The difficulties that pupils often 

^irbal problems may be traced to inadequate understanding of the meaning 
of fundamental operations. 



Al'-hough the problem situations which are presented in 

cedurefare siLle, they are being included in order to help pupils gain 
insight into the meaning of the operations of addition and subtraction an 

their application. 



Specific Objectives: 



To reinforce the meaning of the operations of addition an su 
To develop steps in analyzing a problem: 
determine what is to be found 

deciSfupo^thfo^ which will relate the given facts to 

elSSate frcm^conSderation irrelevant information and recognize 
whsn thcrB is insufficisnt infownfl.tion 
To recognize that a problem may often be solved in more than one way 



Motivation: 



In solving a word problem, how can you 
addition, subtraction, multiplication, 
used? 



tell which operation(s) 
division - should be 



I. Procedure 

A. Reinforce the meaning of addition and of subtraction 
1. The meaning of addition 



a. Consider example: 



There are 127 cars in one 
another part of the lot. 
parking lot? 



part of a parking lot, and 215 in 
How many cars are there in the 



b* Diagram the situation. 



Parking Lot 
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c. Have pupil recognize that there are two disjoint sets; 
one consisting of 127 elements, and the other of 215 
elements. Pupils see that the number of elements in 
the union of the two sets is the number of cars in the 
parking lot. The problem is to find the number of 
elements in the union. 

What arithmetic operation is used to find the total of 
the numbers of the elements of the two sets? (addition) 

d. How can we e:}{press the relationship in a mathematical 
sentence? 

127 + 215 = □ 

We can use the column form. 

127 

+21i 

□ The number of cars in the parking lot is 342. 

e. Have pupils see that addition is used to find the total 
of the numbers of two or more disjoint sets, (Motivation) 

2, The meaning of subtraction 

a. Consider example; 

There are 342 cars in two sections of a parking lot. In 
one section of the parking lot there are 127 cars. How 
many cars are there in the other section? 

b. Diagram the situation. 




c. Have pupils realize that they can consider all the cars in 
the lot as the union of the set of cars in one section, and 
the set of cars in the other section, 

d. The number of the set of cars in one section is 127# 

If we add the number of the set of cars in the other section 
to 127, we have the number of the set which is their union (342)* 

How would you express this as a mathematical sentence? 

127 + D = 342 
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e. What arithmetic operation is used to find the ’’missing 
addend"? (subtraction) 

How would you e:>qpress this as a mathematical sentence. 

342 - 127 D 

We can use the column form* 



342 

-127 

□ 



The number of cars in the oth©r section is 215* 

f. Using this and similar procedures, have pupils see that 

l) if the total of the numbers of two sets is known, and if 
the size of one of the sets is known, we use subtraction 
to find the size of the other set (motivation) 



2) if we wish to find the difference of the numbers of two 
sets, we use subtraction (motivation). 

3* Have pupils state the operation(s) to be used in solving each 

of the following problems. 

a. How many in all are in a set of 120 and a set of 85, if the 
two sets are disjoint? 

b. From a set of 50, remove a set of 22. 

How many are left? 

c. How many more are there in a set of 276 than there are in a 
set of 196? 

d. How many altogether are in a set of 48, a set of 206, and a 
set of 413, if these sets are disjoint? 



B. Analyzing problems 



1. Consider the following problem: 



John’s father, who is 40 years old, modernized the kitchen in 
his home. He bought a new stove for $168 and a new sink for 
$85. If he had $850 in his bank account, how much was left 
after paying for the new equipment? 

a. What is to be found? (the number of dollars left in the bank 
account) 



b. 



What facts are given? (the number of dollars in the cost of 

the stove; in the cost of the sink; in the bank account originally; 



c. What operations will we use to relate the given facts to what we 
wish to find? 
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1) We must first find the total cost of the equipment. 

What operation shall we use to do this? (addition^ 
since we are finding the total of the numbers of two 
disjoint sets, $168 and $85) 

168 

168 + 85 = □ or + 35 

□ 

The total cost of the equipment is $253. 

2) We then find the amotmt left in the bank account after 
the new equipment was paid for. What operation is 
needed for this? (subtraction, since we are finding the 
difference of the numbers of two sets, $850 and $253) 

850 

850 - 253 = □ or ^253 

□ 

There was $597 left in the bank account, 
d. What facts are irrelevant? 

1) Did the man’s age help you arrive at the answer? 

2) Point out the ijrportance of recognizing vrtiat facts, if 
any, are irrelevant. 

2; Alternate method of solving the problem in 1. 

a. Elicit that we could first subtract to find the amount left 
in the bank account after paying for the stove. 

. 850 
850 - 168 = n or 



The amount left is $682. 

b. We could then subtract again to find the final amount left 
after paying for the sink. 

682 

682 - 85 = n or _ 35 

O 

The final amount left is $597. 

3. Consider the problem; 

Jane is three years younger than her sister. How old is Jane? 

a. What are we to find? (the number of years in Jane’s age) 

b. What facts are given? (the relationship between Jane’s age 
and her sister’s age) 

c. Elicit that Jane’s sister’s age is not known. We cannot solve 
this problem because there is Insufficient infomation provided 
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II, Practice 



Some of the following problems cannot be solved until s6me additional 
fact has been supplied. Solve as many pf the problems as you can. 

Tell what additional fact is needed for each of the other problems, 

A. A plane flies 165 miles from Tallahassee to Jacksonville, It then 
travels 768 miles from Jacksonville to Washington, . How far does it 
travel by this route? 

B. Harry scored 135 in a bowling game. How much more did Harry score 
than Ira? 

C, How much change will Sue have from a $5 bill after she spends $2,67 
at the supermarket and $1,24 at the bakery? 

D, At a sale, a pair of shoes was sold for $9.50 and a suit was sold for 
$42,50, How much would you save by buying during the sale? 

£, One year, on national forest land, 8235 fires were caused by lightning, 
1046 by campers, 1570 by smokers, and 2014 by other causes. How many 
fires were caused oy campers and smokers? by lightning and other 
causes? 

F. Mt. Whitn^ in California is 14>495 Teet high. The members of a 
scientific expedition camped at a spot about 8,500 feet up. About 
how far from the top of Mt, Whitney was the camp situated? 

G. Ann took two trips one year. She traveled 439 miles on one trip 
and 923 miles on the other. Marcia took a trip of 2481 miles, 

Janet traveled 1502 miles. Who traveled the farthest, Ann, Marcia, 
or Janet? How much farther did she travel than each of the others? 

H, Mrs, Pedros bought a pair of curtains for her kitchen window for 
$5.25 and a tablecloth for $3.93. She had thought of buyirifc a 
tablecloth for $4.50. How much did she pay altogether for her 
purchases? 

1, What infonnation is irrelevant in this problem? 

2, Formulate another question that might have been asked about the 

problem, 

3, Find the answer to the question you formulated, 

I, Consult textbooks for additional problems, 

III, Summary 

A. Elicit the steps in analyzing a problem. 

^ 1, Determine what is to be found. 

2, Determine what information is given, 

3* Decide upon the operations to be used, 

B. How do you decide on the operation to be used? 

C. Which of the steps will show you whether you have too much informa- 
tion? too little information? 

D. What does the fact that your teacher says, "Who did this another way . 
tell you about solving problems? 



Lesson 19 

Topic: Mxiltiplication of Whole Numbers 

Aim: To understand how. sets may be used to illustrate multiplication 
of whole numbers 

Specific Objectives: 

Multiplication in terms of the union of equivalent disjoint sets 
Multiplication in terms of a product set 

Motivation: If you were permitted to use only the process of addition, 
how long would it take to compute the number of gallons of 
water used by an electric power plant in one year if it 
uses 2,350,OCX) gallons every 24 hours? 



I, Procedure 



A. Multiplication in terras of the union of equivalent disjoint sets 

1, Have pupils realize that the computation for the motivation 
problem would take a long time because we would have to find 
the sum of 365 addends. To do such a computation quickly and 
skillfully, we make use of multiplication facts. 

2. Consider the example: 

There are 36 pupils registered in each of four classes. 

How many pupils are there in all four classes? 



a. Diagram the situation. 




+ 




+ 




+ 





b. Have pupils recognize that there are four equivalent dis- 
joint sets. (36 elements in each set) The number of the 
union of the four sets is the number of pupils on register. 



What arithmetic operation is used to find the number of the 
union of the four sets? (addition) 



c. What is a shorter way of finding the number of elements in 
the union when the sets are equivalent? (multiplication) 
How do we express this as a mathematical sentence? 



4 X 36 = □ or 



36 

□ 



There are 144 pupils in all four classes. 



d. Have pupils see that multiplication is a shorter way of 
finding the total of the numbers of tw or more equivalent 

disjoint sets, 

B. Multiplication as a product set 



1. Consider the following two sets: 

B = {Charles, Boh, Tom} G = {Eve, Carla) 



Elicit that the sets are disjoint. 

2. Have pupils pair each member of set B with each meniber of 
set G, as, for example. 



Charles-Eve, Charles-Carla, and so on. 



a. 



How many such pairs can you find if the first m^er of 
each pair is taken from set B and the second member of 
each pair is taken from set G? 



b. 



Tell pupils that the set of all pairs made up from elem^s 
in set B and in set G is called the product set of set B 

and set G. 



Product set of set B and set G 

Charles-Eve Bob-Eve TonwEve 

Charles-Carla Bob-Carla TonnCarla 

c. How many elements are in set B? (3) 

How many elements are in set G. {2) 

VIhat is 3 X 2? . a. 4.0 

How many elements are in the product set. 

3, Have pupils name all possible pairs made up by pairing members 
of set L with members of set N. 



t = {A,B,C,D,E} 

N = {1,2,3} 



a* 

b. 



c. 



many elements are in set L? in set N? 
w raai^ elements are in the product set of set L and srt N. 
w can we find the number of elements in the product set 
frymiinff nairs? 




o 



4. Have pupils conclude that the pairing of each member of one 
set with each member of another set may be used to compute 
products. 



II. Practice 

A, How many elements are in the product set of the following sets? 

A = That, gloves, shoes'! 

B = (sweater, skirt, blouse"! 

B, Check your answer to A by listing all the pairs in the product set, 

C, A boy has three jackets and six ties. What is the total number of 
jacket-tie combinations he can make? 

D, A girl has a set of five dresses but only one hat. How many hat- 
dress combinations are there in all? 



E, A girl has a set of five dresses, but no hats, 

1, What is the name of the set of hats? 

2, What is the number of the set of hats? 

3, What mathematical sentence describes the number of hat-dress 
combinations? (Ox 5 ~ 



F, Compute: 



1. 4 X 5 = □ 


4. 6 X 8 = □ 


7. 9 X 5 =P 


2. 3 X 7 = □ 


5. 1 X 9 =D 


8. 2 X U =C 


3. 8 X 6 


6. 0 X 12 == □ 


9. 5 X 0 =a 


Summary 






What is the meaning 


of 3 X 5? (5+5+5) 


of 5 X 3? (3+3+3+3- 



B. Why is the multiplication of whole numbers often referred to as a 
short form of addition? 



C, How is the number of elements in the union of five equivalent 
disjoint sets related to the number of elements in each of the 
given sets? 



D, What is meant by the product set of two sets? 

E, If you know the number of elements in each of two sets, how do you 
find the number of elements in their product set? 

F, What new vocabulary have you learned today? (product set) 



- 66 - 



Lesson 20 



Topic: Properties of Multiplication of Whole Numbers 

Aim: To understand the closure and commutative properties of multiplication 



Specific Objectives: 



To understand: 

Closure for multiplication of vjhole numbers 
The commutative property of multiplication 
The identity element of multiplication 
The multiplicative property of zero 



Motivation-. When we compute the product in a multiplication 

wp often check our work by interchanging the factors. 



I. Procedure 

A. The closure property of multiplication of whole numbers 

1 Review the closure property of addition of whole ^ 

Is there a similar property for the operation of multiplication. 



2. Consider the set: (.0,l,2,3>A-> • • •} • 



a. What is the product of the factors 4 and 3? 

Is the product a whole number? 

b. What is the product of 500 and 700? 

Is the product a whole number? 

c. Does it seem that for any two whole numbers there is a 
product which is also a whole number? 

3 Tell pupils that since the product of two whole numbers is 
alwayfa whole number, we say that the set of whole numbers 
is closed under the operation of multiplication. This is 
called the Closure Property of M ultiplication for Who!^ 

Numbers , 

4, Is the set of whole numbers closed under division? 

a* Consider the set; t0,l,2,3>4>»»»]» 

1) Is the result of dividing two whole numbers always a 

A Ttiirhb©!?? 



0 V 3 = 0 



35 V 5 = 7 

6 -r 6 = 1 
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8 T 5 = 7 



2) Have pupils conclude that the result of dividing two 
whole numbers is not always a vririole number. 

b. Elicit that the set of whole numbers is not closed under 
division. 

B. Commutative property of multiplication 

7 A8 

1. Given the example; x48 would probably change it to y y . 

Do we Obtain the same product? 

2. Recall the check for multiplication - interchange the order 
of the factors. What result do you expect? 



68 


79 


x2i 


x68 


612 


632 


476 


474 


5372 


5372 



3. Have pupils conclude that the order of two factors in multi- 
plication does not affect the product. This is called the 
Commutative Property of Multiplication for Whole Numbers * 

4* Is division of whole numbers commutative? 

a. Consider: 

20 5 = 4 

5 20= i 

k + \ 

Is 20 -r 5 = 5 20 true? 

b. Elicit that since the quotient is not the same when 
dividend and divisor are interchanged, division of 
whole numbers is not commutative. 

C. The identity element of multiplication 

1. Have pupils study the following pattern; 

1x0=0 1x3=3 1x6 = 6 

1x1 = 1 1x4 = 4 1x7 = 7 

1x2 = 2 1x5 = 5 1x8 = 8, and so on 
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2. Have them use the pattern to suggest replacements for the 
frames which will result in true statements. 

1 X 5 
1 X 9 ==□ 

25 X D = 25 
1 X □ = 39 

3. Elicit that the product of one and a number^ or a number 
and one is the number. Therefore, one is said to be the 
identity element for multiplication . 

k* Is one an identity element for division? 

a. Find the quotients 

10 ^ 1 = O 

23 ^ 1 = □ 

100 ^ 1 = □ 

0 ^ 1 

b. Elicit that the quotient of any whole number and 1 is the 

number. Therefore, one is the identity element for divi- 
sion when 1 is the divisor . (1 -r 10 10) 

D. The multiplicative property of zero 

1. Have pupils study the following pattern; 



Ji(ave them use the pattern to suggest replacements for the 
frames which will result in true statements. 

0x3=0 
0x4=0 
□ x87 = 0 
0x0=0 

3. Elicit that the product of zero and a number is zero. 

4. What is the quotient of a number by zero? (Division by zero 



0x0=0 
0x1 = 0 
0x2 = 0 
0x7 = 0 



0 X 10 = 0 
0 X 25 = 0 
0 xlOO = 0 



0 x250 = 0, and so on 



is meaningless.) 
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11 • Practice 



A. lulhich of these sets is closed under multiplication? 

1. £0,1,2,3,4,53 (No) 4. 12,4,6,8,...] 

2. (0,1) (Yes) 5. {5,10,15,20,...] 

3. (2,4,6,8] 

B. Is the set of odd numbers closed under multiplication? Explain. 

C. Is any set in A closed under division? 

D. V/hich of the follovang are illustrations of the commutative 
property of multiplication? 

1. 4 X B = 8 X 4 4. 10 X 18 = 18 X 10 

2. 5 X 12 = 30 X 2 5. 5 X 20 = 10 X 10 

3. 6x9 = 9x6 

E. Replace each frame so that a true statement results. 

1. 7x8 = 8xP 4. 8xD=l6x8 

2. 12 X 14 = Q X 12 5. 15 x 15 “ 15 X D 

3. □ X 25 = 25 X 4 

F. How do these arrangements illustrate the commutative property of 
multiplication? 



XXX 


xxxxx 


XXX 


. xxxxx 


XXX 


xxxxx 


XXX 




XXX 





G. Multiply and then apply the commutative property of multiplication 
in checking each of the following: 

1. 36 2. 84 3. 76 

x^Z x2Z 

M. VIhich property of multiplication does each of the following 
illustrate? 

1. 2x7 = 7x2 4. 1x1-1 

2. 1 X 68 - 68 5 . 32 X 64 - 64 X 32 

3. 9 X 0 * 0 
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I. Which of the following ajre names for aero? 

, 4 X i 

1 . 0 + 1 *'20 



2. 9 X 0 



5. 9x3x7xO 




names for one? 




8. 1 X I 

9 . 1 + ( 1 - 1 ) 

10. 0 X 26 X 87 



J. OPTIONAL 

Consider the following new operation. It is defined in terms of 
familiar operations. 

Q means: Add the second number to tvdce the first number. 

For example, 30^ “ (2x3) + 4*6 + 4“ 10 



1, Compute the answers. 

a. 503 «• *• ^30^5 g. 12Q20 

b. 305 U06 150^3 h. 20Ol2 

2. Examine the answers to pairs a and b, c and d, e and f , £ and h. 

commutative operation? Ebqplain. 



III. Summary 



A. What is meant by the closure property of multiplication of whole 
numbers? 



B. What name is given to the property of 

order of multiplying two numbers does not affect the product. 



C. Name two operations of whole numbers which are not commutative. 

D. What is the identity element for multiplication? 

E. If one of several factors is aero, what is true of the product? 



Lesson 21 



Topic: Properties of Multiplication of Whole Numbers 

Aim: To understand and use the associative property of multiplication 

Specific Objectives: 

Multiplication is a binary operation 
The associative property of multiplication 
Regrouping can simplify multiplication 

Using both the commutative and associative properties in confuting 
products 

Challenge: What is the easiest way of computing 12 x 4 X 25? 

I# Procedure 

A. Multiplication is a binary operation 

1. Consider the problem: 

If a carton of eggs contains 12 eggs^ what is the total 
number of eggs in, 2 boxes, each of which contains 8 car- 
tons of eggs? 

a. Elicit that to solve the problem, we could confute the 

the following product: 2 x 8 x 12. 

2 X 8 = 16 16 X 12 = 192 

There are 192 eggs in the two boxes. 

b. Have pupils note that they multiplied only two numbers 
at a time. They first found the total number of cartons 
in both boxes (2x8 or 16), and then the total number of 
eggs in these cartons (l6xl2 or 192). 

2. Elicit that in computing the product of three or more fac- . 
tors, we multiply only two numbers at a time. Multiplica- 
tion is therefore a binaiy operation. 

3. How could we use parentheses to show that we first confuted 
the product of 2 and 8, and then multiplied 12 by this 
product? (2x8)xl2. 

B. The associative property of multiplication 

1. In what other way can we arrive at the solution to the 
problem in A-1? 
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Elicit that we can first find the number of eggs in 
one box* We then find the total number of eggs in 
both boxes. 

8 X 12 = 96 2 X 96 = 192 

2. How would we use parentheses to show that this time 
we first computed the product of 8 and 12, and then 
multiplied this product by 2? 



2x(8xl2) 

3, Elicit that to find the product of three factors such 
as 2 X 8 X 12, we usually think of grouping the factors 
as (2x8)xl2. We may also group them 2x(8xl2). The 
products are the same. (2x8)xl2 ~ 2x(8xl2) 

4. Compute the products by grouping factors in two different 
ways. Compare your answers in each case. 



a. 3 X 9 X 5 

b. 5 X 8 X 3 

c. 2 X 4 X 8 



d. 3 X 5 X 3 

e. 5 X 8 X 2 

f. 6 X 2 X 3 



5 • Have pupils conclude that the product of three factors 
is the same whether the first two factors are grouped 
or the last two factors are grouped. This is called 
the Associative Property of Multiplication ^ 

For example: (5x7)xlO = 5x(7xlO), 



6. Is division associative? 

a. Does (8 4- 4) 2 = 8 -f (4 ■?* 2)? 

Does 2 4- 2 = 8 4- 2? 

1 ^ k 



b. Pupils conclude that division is not associative. 

C. Simplifying multiplication by the use of the associative 
property 

1, Have pupils compute each of these products in two ways. 

a. 12 X 4 X 25 (challenge) c. 15 x 25 x 4 

(12x4)x25 12x(4x25) d. 36 X 5 X 20 

48 x25 12x100 

1200 1200 

b. 17 X 50 X 2 
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Which grouping in each example makes the conputation 
easier? 

2. Use the associative property to find the answers easily. 

a. 5x(4xl2) c. (7xl7)xlO 

b. (8xl6)x5 

3. To compute the product 3x30, we think: 

Reasons 

3x30 * 3x(3xl0) expanded numeral 

* (3x3)xlO associative property 

= 9 X 10 

= 90 

4« Find the products without using pencil and paper. 

a. 6 X 40 c. 5 X 6000 

b. 8 X 300 d. 9 X 7,000,000 

D, Using both the commutative and associative properties in 
computing products 



1. How could you compute the following product without 
using pencil and paper? 25 X 8 X 4 

a. Elicit that we may group the factors as (25x8)x4 or as 
25x(8x4) 



b. Elicit that the easiest way to con 5 )ute this product 
would be first to multiply 4 by 25 and then multiply 
8 by this result. 



How can we justify doing the computation in this way? 
(25x4)x8 



2 . 



Have pupils justify each step 

(25x8)x4 = 25 x(8x4) 

* 25x(4x8) 

= (25x4)x8 

* 100x8 
» 800 



of the computation as follows: 
Reason 

associative property 
commutative property 
associative property 
product 25x4 
product 100x8 
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II. Practice 

A. Compute the products by grouping factors in two different ways. 
Compare your answers in each case. 

1. 60 X 5 X 9 3. 16 X 21 X 5 

2. 57 X 4 X 25 



B. Replace each frame to make a true statement. 

1. (I8x3)x2 = 18 X (3 X D) 4. (9x8)xQ = 9x(6xl2) 

2. (5x9)xl = 5 X (□ X 1) 5- (Da0)xl2 = 4x(10xl2) 

3. (15x6)x3 = □ X (6 X 3) 



C. Illustrate the associative property using each of the following: 

1. (I7x2)x9 4610x(817x368) 

2. (67x38)x11 (5,675,193 x 3)x4128 

D. Use the associative property to find the answers easily. 



1. (63x2)x5 

2. 4x(25x9) 



3. 50x(2x18) 

4. (12x6)x5 



E. Replace the frames with either =, <, or > to make each of the 
following a true statement. 

1. (I2x8)x5 ° 12x(8x5) l6-(5-l) ^ (18-5 )-l 

2. (l6f4)-2 a I6f(4^2) 4. Ux(2x9) ° (Ux2)x9 

F. Use the commutative and associative properties to find the 
answers easily. 

1. 2x33x50 3* 35x6x2 



2. 20x68x5 



4. 45x8x2 



III. Summary 

A. What is meant by the statement, "Multiplication is a binary 

B. ^at name is given to the property of whole numbers vrtiich 

permits us to regroup factors? 

C. Which operations of whole numbers are not associative. 

D. In sinplifying multiplication, what properties of whole num- 
bers do we make use of? 






1 



Lessons 22 and 23 



Topic: Properties of lilhole Niunbers 

Aim: To imderstand and use the distributive property of mltiplication 
over addition for %ihole nunbers 

Specific Objectives: 

To learn that the operation of multiplication of uhole nuxnbers is 
distributive over addition 

To have pupil realize that he has been using this distributive 
property in multiplying whole munbers 

Challenge: The school G»0. store had a two-day sale of athletic shirts* 
The price of a shirt was $2. The first day 15 shirts were 
sold; the second day 20 shirts were sold. VIhat was the 
total amount of money taken in from the sale of the shirts? 

I. Procedure 

A* The distributive property of multiplication over addition 

!• Elicit explanations of how pupils can arrive at the answer to 
the challenge problem. 

a. A pupil may say he added 15 and 20 and multiplied the sum 
by 2. This is recorded as: 

2x(l5+20) - 2x(35) - 70 

b. Another pupil may say that he multiplied 15 by 2, and 20 
by 2, and added the products. This is recorded as: 

(2x15) + (2x20) - 30 + 40 - 70 

e. H.T. them realize that both methods result In 70, or that 

2x(15+20) - (2x15) + (2x20) 

2, Cos^te the answers to each pair of exercises to see if thejr 
are equal. Show each step as in the exas^e. 

a. 4x(2+3); (4x2) + (4x3) 

4x(2+3) - 4x5 - 20 

(4x2) + (4x3) -8 + 12-20 

thertfore, 4x(2+3) - (4x2) + (4x3) 



[e 



ERIC 
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b. 7x(6*e)j (7x6) + (7xS) 
e. 5 x(LH8)5 (5xX 2) + (5x8) 
d. Ox(6^5)s (0x6) + (0x5) 



3. TeU pupils that each of the above exercises illustrates the 
Distributive Property of M-tiplication Over Addition, 

a. How many operations are involved in this distributive 
property? 

be What operations are involved in this distributive 
property? 



4. The distributive property of multiplication over action may 
be expressed as either a "ri^t distributive property or a 
"left distributive property." 

Thus. 2x(3+4) is ^ example of a left distributive propepr> 
and (5+6)x6 is an example of a right distributive property. 




Have pm>ils see how the distributive property of multiplica^^ 
tion wer addition is involved as they find the number of 
8<|aare8 in the rectangle below in two waye. 



4 ->< — 6 




a. First way: (4x4) + (4x6) *16 + 24 

* 40 

b. Second way: 4x(4+6) * 4 X 10 

* 40 



6. Replace the frames. 

a. 6x(9+8) - (4x9) + (4 x □) 

b. 6x(2tD) - (6x2) + (6x6) 

c. 12x(a+U) = (12x8) + (12x11) 

d. (Dx5) + ( 6x9) = (7+l)x9 

.. (Urt) + (0x10) - 13x(8+10) 



B. Using the distributive property 

1. Have pupil.s consider confuting the product of a number greater 
than 10 by a number less than 10. (one-place multiplier) 

a. Compare the following methods of computing the product 3x23. 

1) First method 

3x23 3x(20i-3} e^qpanded numeral 

» (3x20) + (3x3) distributive property 
« 60*9 
- 69 

2) Second method 



20 3 60 




3) Third method 



23 




b. Have pupils realize that vdien we multiply a number greater 
than 10 by a number less than 10, we are making use of the 
distributive property. 

c. Have them see that the third (and usual) method is a short 
way of con 9 )uting the products. In this method we do not 
show each step in detail, but retain some facts in our heads. 

2. Computing products of faetors named by 2 digits (2-place miltiplier) 
a. Consider 35 X 42 

l) Have pupils recall the vertical form for multiplying two 
numbers greater than 10. 

42 

10 first partial product 
200 second partial product 
60 third partial product 
1200 fourth paiirtial product 
1470 product 



2) Have them see that the distributive property 

Vto we rirst obtain partial produets and then add the 
partial products to obtain the product* 



35xA 2 - 35x(40t2) 

- (35x40) + (35x2) 

- (30t5)x40 + (30J5)x2 

- (30x40) + (5x40) + (30x2) 
» 1200 + 200 + 60 

- U70 



expanded numeraX 
distributive property 
.e^qpanded numeral 
+ (5x2)distributive property 
+ 10 partial products 



Are the partial products the same as those named in the 
vertical form? 



b. Have pv?)ils cospare the following two methods of computing 

26x37- 



Vertical Form 

32 

x26 

192 first partial product 
^0 second partial product 
J2 product 



Rcpanded Form 

26x32 - (20rt)x32 

- (20x32) + (6x32) 

- 640 + 192 

- 832 



1) In the vertical form, which two numbers are multiplied 
to obtain the first partial 

to obtain the second partial product? v32 and 2o; 



2) In the expanded fonn, which factor was expressed in 

esqpanded form? * 

In which step was the distributive property used. 

3) Are the partial products named in the expanded form the 
same as those named in tiie vertical form? 

3. Cosputing products of factors named by 3 <li«ib» (3^?l*e« •alti.- 
pliers) 



a* Consider: 325 

xl2Z 

2275 

6500 

22200 

0275 



first partial product 
second partial product 
third partial product 
product 



l) Wiich two numbers were multiplied to obtain the 

partial product? the'aecond partial product? the third 

partial product? 
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2} VIhat must be done to the three partial products to 
obtain the product of 127 and 325? 

3) What is the product? 

b« Have pupils e:xplaln the multiplication of 12? and 325 in 
terms of the distributive property. 

127x325 * (10(>K2CH7 )x 325 expanded numeral 

« (100x325) + (20x325) + (7x325) distributive property 

* 32500 + 6500 + 2275 

= AI275 

e. The final algorithm is: 

325 

xl27 

2275 

650 

/1I275 

Have pupils realise: 

1 ) In the second partial product^ 650 means 650 tens 
because 325 has been multiplied by 2 tens^ or 20. 

2 ) In the third partial product,’ 325 means 325 hundreds 
because 325 has been multiplied by 1 hundred, or 100. 

4« For ;upils vdio have an inadequate imder standing of the 
multiplication algorithm, the algorithm i^y be redeveloped 
as follows: 

a. Review multiplication by 10 and multiples of 10; by 100 
and multiples of 100. 

b. Consider 127x325 or 325 

xisz 

X) Estimate 100x300 = 30,000 127x325 > 30,000 

2) Multiply by hundreds first, then by tens, and then 
by ones. 



325 


325 


325 


32500 


xlOO 


X 20 


X 7 


6500 


32500 


6500 


2275 


.mi 

41275 



3) We could multiply ones first, then by tens, and 
then by hundreds. 
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325 


325 


325 


2275 


X 1 


X 20 


xlOO 


6500 


2275 


6500 


32500 


32500 


4} The 


final algorithm is: 


0275 



325 



X122. 



2275 

6500 

32500 



41275 



Multiply by 7 ^ , i. /o\ 

Record zero to hold ones place, then multiply by the number of tens ^2; 

Record zeros to hold ones place and tens place, and then multiply by 

the number of hundreds 



c. Consider 302 x 416 or 416 

x2S 



1) 416 416 832 

X 2 x 300 124800 

^ 124800 125^32 



2) The final algorithm is: 



416 

x302 

832 Multiply by 2 , . ,*4 •, u 

1 o^^Ann Record zeros to hold ones place and tens place and then multiply oy 

the number of hundreds (3) 



When the multiplier has no tens, we multiply Imaediately by the number of 
hundreds* 



d. Consider 230 x 318 or 318 

x230 

1) 318 318 9540 

X 30 x200 63600 

9540 63^ 73U0 

2} The final algorithm is: 



318 

x230 

9540 Since there are no ones, we multiply immediately by the number of tens 
63600 Then multiply by the number of hundreds (2) 

73UO 



II* Practice 



A* Replace the frames* 

1. 3x(6t-4) - (3x6) + (3x0) 4. (0x4) + (Ax4) - (2f3)x4 

2. 2x(l+0) = (2x1) + (2x5) 5. (6+2) + (Dxl) - 6x(2+l) 

3. 15x(0 + a) - (15x2) + (15x3) 

6* Rewrite each of the following using the distributive property* 
Find the products* 

1. (5+6)x8 2. (2x9) + (2x3) 3. 2x(6Hi) 

C* R^lace the frames* 

26 X 32 - ( 0+6)x31 

- (20xA) + (6x a) 

=0 + a 

- 832 

D* VIhat Is the meaning of each of the circled numerals? 



1* 31 


2. 105 


3. 20U 


x2i 

279 


X 73 


X 39 

m 26 








899 


7S54S 



£* Multiply^ uslnp the vertical form* In each case^ tell what two num- 
bers are multiplied to obtain the first partial product; the second 
partial product * 

1* 74 2* 89 3 . 53 4* 236 5 * 406 

xll X 45 X 38 

F* Rewrite your confutations In C-1 and in C-2 using the expanded form* 
6* Confute the products* 

1* 605 2* 674 3 * 3497 4. 1754 

x 323 x405 X 800 x 176 

III* Summary 

A* What property of whole numbers does 6x(5+l)“(6x5)+(6xl) illustrate? 

B* What property of whole numbers do we use when we multiply by a factor 
greater than 10? 

C* If the tens digit is zero in a three-place multiplier^ how many paiv 
tlal products are there? (If only the tens digit is zero^ there are 
two partial products* If the ones and tens digits are zero^ there 
are no partial products*) 



- 82 - 



o 



Lesson 2k 

Topic; Division of Whole Numbers 

Aim-. To extend understanding of the short fom of division by a nui»ber 
less than 10 



Specific Objectives; 

Review of long form of division by whole nu^ers less 
Understanding of and skill in using the short form of division 
by irtiole numbers less than 10 

Motivation; When asked to divide 484 by 4, Mary showed her work asi 



121 

4)484 

ikOO 

84 

80 

4 

k 

0 



100 

20 

1 

121 



John, on the other hand, quickly wrote; 



121 

4)484 

How was John able to find the answer more quickly than Maiy? 



I. Procedure 

A. Review long form of division by numbers less than 100, 

Note; If pupils cannot do division by a two-place divisor, then 
they should be tau^t this using the following procedures; 

1, Review multiplication by 10 and multiples of 10; by 100 and 
multiples of 100* 



2a Consider; 

15)3S0 

a. Whidi number is the dividend? the divisor? 

V. Hw\ia^5'8 are there in 360? Have pupils estimates 



83 - 



p— ^ 



m 






10 X 15 * 150 (too small) 
20 X 15 * 300 (too small) 
30 X 15 “ 450 (too large) 



The answer (quotient) is grsater than 20 and less than 30# 



c* Con$>utation: 




60 

0 



20 

Jfc 

24 



jlote to Teacher: If some pupils have difficulty with estima* 
tion, the same result can be obtained by using any multiplica- 
tion facts they know. For exaiq>le: 




0 



10 

10 




What is the meaning of the 2 in the quotient? 

Vftiat is the meaning of the 4 in the quotient? 

How may we check the answer? 

3 . Practice: 

a. 7)357 

c. 54)1512 

e. 36)w5S 

B. Extend vmderstanding of short form of division by numbers less 
than 10 

1. Short form of division without regroiping 
a. Refer to challenge: 4)434 



b. 23)391 

d. 33)954 
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Have pupils estimate the quotient: between 100 and 200, 

Ij, Have pupils expand 434 and confute as follows: 

100 + 20 + 1 121 
4)400 + 80 + 4 or 4)434 

c« How does the quotient compare with the estimate? 

How would you verify your answer? (verify by multiplica- 
tion: 4 X 121 “ 434) 

d. Have pupils practice: 

Hote : The expanded form of division may be discontinued 
when pupils are ready, 

2)2S4 3)W 5)550 8)808 

2. Short form of division (involving regroi^ing) 
a. Have pupils consider: 6)73^ 

Have pi^ils estimate the quotient: more than 100# 
b* Have pupils expand 736 and compute as follows: 

6)700 + 80 + or 6)78? 

Since 700 is not divisible by 6, we regroup: 

|6 18 

6)600 + 180 + ? or 6 | y ^ 6 

1 3 1_ 

100 + 30 + 1 rS 18 ^ 

6)600 + 180 + ? or 6 0 0 

c« How does the answer conpare with the estimate? 

How would you verify your answer? 

d. Have pupils practice a variety of examples involving 
regrouping. 

4)SS 7)840 9)1§99 8)7280 

6)732 8)IoK 5)^ 9)'34218 
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II • Practice 



A. In each of the following^ show the regrouping of the dl*vld«nd 
needed to use the short form of. division: 

1. 2 ) 53?5 ( 2)400 + uo + i ) 

2. 3)54S (.3)300 + 240 + 4 ) 

3. 4)540 

4. 5)540 

B. Use exan^les and problems leading to conputation similar to 
exercises in 2-d« 

III* Summarj 

A. In using the short form of division^ it is often necessary to 
"regroup* ** Tuftiat does this mean? 

B* lilhat is the advantage of knoifing hov to use the short form of 
division by whole nunbers? 

C. Ilhat mathematical vocabulary did we review today? 

(dividend, divisor^ quotient « regrouping^ short foxm of 
division) 










Lessons 25 and 26 

Topic: Division of VIhole Numbers 

Aim: To learn to divide by numbers greater than 99 

Specific Objectives: 

To learn to estimate the quotient 

To learn to divide by a number greater than 99 

Motivation: The school librarian reported that in a period of three 
months 563 seventh grade pupils had borrowed 3378 books. 

What would you estimate is the average number of books 
borrowed by each pupil? 

I. Procedure 

A. Estimating the quotient 

1. Elicit that to solve the motivation problem, the operation 
of division must be used. 

2. Review terms: dividend, divisor, quotient, remainder. 

3. Review multiplication of a number by 10 and multiples of 10 
by 100 and multiples of 100. 

4. Review the method of estimating the quotient. 

a. Consider: 563)3378 (Motivation) 

1 X 563 * 563 (too small) 

10 X 563 “ 5630(too large) 

The quotient is a number between 1 and 10. 

Since 3378 is a little more than half of 5630 (10x563), 
the estimate is about 6. 

b. Consider: 109)2^39 

I 

1 X 109 ■ 109 (too small) 

10 X 109 ■ 1090 (too small) 

100 X 109 “ 10900 (too large) 

The quotient is between 10 and 100. 
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Pupils try 20 x 109 “ 2180 (too small) 

30 X 109 * 3270 (too large) 

The estimate then is more than 20^ but less than 30* 

. c* Use similar procedure to have pupils estimate quotients Tor 

918)35721 and i|18)l2540 

5. Alternate method of estimating the quotient* 

a* Consider: 563)3378 (Motivation) 

Estimate: How many times are 5 hundreds contained in 
33 himdreds? (6) The estimate is 6* 

b* Consider: 109)26lS 

Estimate: How many times is 1 hundred contained in 
26 hundreds? (26) The estimate is 26* 

c* Consider: 916)35721 

Estimate: How many times are 9 hundreds contained in 357 
hundreds? (less than 40) The estimate is less 
than 40* 

d* Consider: 416)12540 

Estimate: How many times are 4 hundreds contained in 
125 hundreds? (30) The estimate is 30* 

B. Division by a three-place divisor 

1. Divide: 563)3376 

a* The estimated quotient was 6* Enter 6 in ones^ place in the 
quotient and proceed as in division by a two-plaee divisor* 

6 

563)3376 

3376 (6 X 563) 

0 

The quotient is 6* (The average nuniber of books taken by 
each pupil was 6*) . 

b* Have pupils verify the solution by multiplying* 
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2. Divide: 109)2639 

a. The estimate was more than 20, 

Enter 2 in tens place in the 
quotient • 

b« Pupil compares 109 and 459* 

4 X 109 = 436 (too small) 

5 X 109 = 545 (too large) 

The next partial quotient is 
between 4 5* Enter 4 in 

ones place. 

The solution is 24 and remainder 23. 

Compare with estimate. 

Note : The writing of 0*s may be omitted when pupils 
show understanding of the division process. 

c. Check by computing the product of the quotient and the 
divisor and adding the remainder to this product. 

3. Divide: 918)35721 

3 

a. The estimate was less than 40. 918)35721 

mk 

Enter 3 in tens place in the 8181 

Qu.oi/idi'b • 

28 

b« Pupil compares 918 and 8181. 918)35721 

SZ5i 

9 X 9 I 8 =* 8262 (too large) 8181 

8 X 9 I 8 = 7344 (too small) 7344 

837 

The next partial quotient is 
between 8 and 9. Enter 8 in 
ones place. 

The solution is 38 and remainder 837. 

Compare with estimate, 
e. Cheek as in 2-c. 



2 

109)209 

2ia0 (20x109) 
459 



109)209 

2ie0 (20x109) 

459 

436 ( 4x109) 
23 
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U. Divide: 418)12540 



418)12540 

USk 



o 



a. The estimate >ras 30. 

Enter 3 in tens place in the 
quotient • 

be Elicit that 

although there is a remainder of 
zero, the digit 3 is in tens place. 
Therefore, the quotient is 30. 

Compare with estimate. 

c. Check. 



,__20 

418)12540 

122jt 



II. Practice 



A. Estimate the quotient: 

1. 59)4W 

2. 65)1857 

3. 26)^4300 

4. 121)4^ 



5. 320)4080 

6 . 138 ) 42 ^ 

7. 511)25^ 
S. 207)3^ 



B. VIhat is the value of each circled numeral? 




C. Estimate, divide and check: 



1. 144)3312 

2. 322)3864 

3. 240 ) 1 ^^ 



4. 406)3288^ 

5. 206)58?5 

6 . 299)100^ 



7. 321)19260 

8. 705)217845 

9 . 301)7250 

10 . 119)3^ 
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III. Siunmary 

A. How do you ©stimate the quotient in a division example? 

B. How can estimating help you decide whether a quotient is 6 
or 60? 

C. If a divisor is 179, what is the greatest remainder? the 
least remainder? 

D. How can we check a division example? 



Lessons 27 and 2S 

Topic: Multiplication and Division of >/hole Numbers 

Aim: To learn to solve problems involving multiplication and 
division of whole numbers 

Specific Objectives: 

To reinforce the meaning of multiplication 

To reinforce the meaning of division , . 

To analyze and solve problems involving multiplication and division 

Motivation: In solving a word problem, how can you tell when m^tipli- 
cation is to be used? when division is to be used? 



I. Procedure 

A. Review the meaning of multiplication 

1. Have pupils consider the following problem: 

Allan's stanp album has room for 15 stamps on each page* 

If there are 40 pages in the album, how many stamps can 
it contain in all? 

2. Elicit that in this problem we have 40 equivalent dis- 
joint sets. There are 15 elements in each set. 

■ 3 • Have pupils recall that to find the total of the numbers 

of two or more equivalent disjoint sets, we may use multipli- 
cation. 

40 

40 X 15 = □ or 

D 

There is room for 600 stanqps in the album. 

B. The meaning of division 
1* Consider the problem: 

There are 144 pupils in four seventh-grade classes. 

The number on register in each of the classes is the same* 
How many pupils are in each class? 



a* Diagram the situation* 



fmmmmmmm 






l/v4 Pupils 



n 




n 




D 




O 


Pupils 




Pupils 




Pupils 




Pupils 



b. Elicit that in this problem there is a set (vihose n\amber 
is 144) and 4 equivalent subsets of this set. 

What is the size of each of the equivalent subsets . 



1) bliat arithmetic operation is used to find the size 
of each of the equivalent subsets? (division; 

2) How do we e3q>ress this as a mathematical sentence? 

144 -r 4 “ n or 4)144 

There are 36 pupils on register in each class* 



2* Consider the problem: 

There are VA pupils in all of the seventh-grade classes 
in a school. If there are 36 pupils on register In each 
class > how many seventh-grade classes are there. 

a. aicit that in this problem there is a set (whose nimber is 
lii.), and 36 elements in each of a certain number of ^uiv- 
alent subsets of this set. How many equivalent subsets are 

there? 



b. What arithmetic operation is used to the number of 

equivalent subsets of a set? (division) 

c* How do we express this as a mathematical sentence? 

□ 

144 4* 36 * □ or 36)144 



There are 4 seventh-grade classes. 



3. Have pupils see that division is used: 

a, to find the size (number) of each subset when a set is 
separated into a given nuniber of equivalent subsets, 
(motivation) 

b. to find the number of equivalent subsets of a 
when we know the number of elements in each subset, 

(motivation) 

4. Have pupils state the operation(s) to be used in solving 
each of the following problems: 



a* How many are there in 6 sets of 7? 
b. From a set of 50 remove a set of 22. 



How many are left? 



c. Arrange a set of 54 into 9 equivalent subsets. 

How many are there in each subset? 

d. There are 5 sets of 7 and one set of 6. 

How many are there in all? 

e. How many more are there in 6 sets of 8 than in one 
set of 97 

f. Arrange a set of 72 into 6 equivalent sets. 

How many are there in 4 of these subsets? 

g. Arrange a set of 63 into 7 equivalent sets. 

How many are there in a set of 10 together with 
4 of the seven stibsets above? 

h. A cookies are to be packed into D boxes. 

Each box is to contain the same number of cookies. 

How many cookies will there be in each box? 

1) What does the symbol A represent? (the total 
number of cookies > i.e.> the size of the given set) 

2) What does the symbol O represent? (the total number 
of boxes > i.e.> the number of equivalent groups or 
subsets in the given set) 

3) What are we to find? (the number of cookies to go 
into each box, i.e.> the size of each of the equiva- 
lent groups or subsets) 

4) What operation should we use? (division) 

i. Have pupils suggest numbers and solve the problem. 
Analyzing problems 

1. Recall steps in analyzing a problem. 

a. What is to be found? 

b. What information is given? 

c. What operation(s) shall we use? 

2. Consider the problem: 

Jim Carmen wants to buy a guitar. The guitar which is 
priced at $63 is made of fine wood and is a bri^t brown. 
Mr. Robins^ who owns the store^ is a nei^bor of Jim*s. 

Mr. Robins usually requires a down payment of $10. He is 
willing to sell the guitar to Jim without the down payment 
because he likes Jim. He tells Jim that he may pay $7 a 
month. How many months will it take Jim to pay for the 
guitar? 



a. What is to be found? (the number of months it will 
take Jim to pay for the guitar) 

b* What facts are given that are needed to arrive at 
a solution? (the cost of the guitar, the amount of 
each payment) 

c* What operation(s) will we use to relate the given 
facts to what we wish to find? (division, since we 
are given the size or number of a set, 63, end we 
are to find the number of equivalent subsets each 
of which has 7 elements) 

O 

63 -5- 7 *0 or 7)^ 

Jim will make payments for 9 months. 

d. What facts are irrelevant? (the $10 down p^neent, the 
description of Jim as a nei^bor, the description of 
the guitar) 

3. Consider the problem: 

A school has 12 seventh-grade homeroom classes with 34 
pupils in each class. If each pupil takes typing, how 
many typing classes must be formed if there are to be 
24 pupils in each class? 

a. What is to be found? (the number of typing classes 
to be formed) 

b. What facts are given? (the number of homeroom classes 
the number of pupils in each homeroom class; the number 
of pupils to be included in each typing class) 

c. What operations will we use to relate the given, facts 
to what we wish to find? (multiplication -why? f 
division - why? ) 

12 X 34 = 40e 

Jtl 

24)408 




There will be 17 typing classes formed. 
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II* Practice 



A* If shirts cost a storekeeper $36 per dozen^ how much does he pay 
for a shipment of 134 shirts? 

B* When Martinis father bought his new car^ he made a down payment 
of $842* He paid the balance in 18 monthly installments of $94 
each* What was the total cost of the car? 

C* The odometer on Mr. Johnson's car read 19^217 miles when he left 
home at 9 If he can average 41 miles an hour^ what should 

be the odometer reading at 12 noon? 

D. The population of a certain city increased from 14>462 to 15>977 
over a 15-year period. What was the average increase per year? 

£. Consult suitable textbooks for additional problems. 

III. Summary 

A. Elicit the steps in analyzing a problem. 

B. When is the operation of multiplication used in solving a problem? 

C. When is the operation of division used in solving a problem? 
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nHAPTER III 



The material in this chapter is intended to help the 
for developing concepts of: 



point 

space 

line 

line segment 

ray- 

angle 

simple closed curve 
parallel lines 
space figure 



» ^ T ^- 5 o+-ir>r»+-ion is nsde in these materials between abstract 

SsttoS'thatMs Se betweernS^er^ J^d 

drawn on paper or on the chalkboard. 

The language of sets «ith >rtiich the pupil is now familiar is used 

demerfs\rLf oflllTS TaS'e'is defS'as’the union of 
two rays with a common endpoint, and so on. 

The use of the ^icfthrstudr^ 

of two ~Sts Ltermine a unique line, two distinct 

to a realization that two poino Hnp»» a line not in a 

intersecting planes have *f com^n 1^, ^1“ ^^e 

plane and intersecting a plane has just one point in 

plans, and so on. 

a systematic study of geometry in future years. 
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CHAPTER III 

NON»METRIC GEOMETRT 
Lessons 29-40 



Lesson 29 

Topic: Space and Points 

Aim: To reinforce and extend the meaning of point and space 

Specific Objectives: 

A point is a mathematical idea 
A point has no size 

A point is a location or position in space 
Naming a point 
Geometric figures 

Motivation: More than 2000 years ago, a mathematician named 
Archimedes tried to compute the number of grains 
of sand it would take to fill all of space. 

How large a number do you think he arrived at as 
the result of his calculations? 

!• Procedure 

A. A point is a mathematical idea 

1. Tell pupils that Archimedes* calculations resulted in a 
number named by writing 1 with 63 zeros after it* 

2* Elicit that the number computed by Archimedes (as well as 
any other number) is an idea that exists in our imagination. 

We represent this number by a numeral* 

3* Discuss with pupils that we may imagine all of space filled, 
not with grains of sand, but with points. This is the kind 
of space we study in geometry: a space filled with points* 
However, just as we never see a number, but only its repre- 
sentation by a numeral, so also we never see a point* A 
point is a mathematical idea* It exists only in our imagina- 
tion. 

4* A dot and a point of a pencil each suggest a representation of 
a point. What other representation of a point can you think 
of? (a spot on the wall, a star, a particle of dust in the air, 
the point where the ceiling and two adjoining walls meet) 




r 






B« A point has no size 

1. T,na g-In« a point in space. Represent this point by drawing 
a dot on your paper. 

2. Represent a second point in space by marking a larpr dot on 
your paper. Is the second point larger than the first. 



3, Tell pupils that in our mathematical world we say a point has 
no size. 



4 . 



We may imagine a geometric point as being smaller than anything 
in the world. How many points on the desk are covered by a 
book placed on the desk? 



C. A point is a location or position in space 

1. How is the location of New York City indicated on a map? 

(a point on the map) 

2. When a ship radios its position, how does the Coast Guard 
indicate the ship*s position on the map? (a point; 

3. What star in the sky have mariners always consisted in 

their course? (North Star) Why? (definite position in the sky) 

4. Elicit that a point is a location or position in space. 

5. Have pupils think of various points in the classroom. Have them 
describe the location of these points so that their classmates 

can find the points. 



D. Naming a point 

1. Mark three models of points (dots) on your paper. 

How can we differentiate among them? 

2 Elicit that just as we used names to differentiate among Pupil® 
in the classTOom, so also we can differentiate among points if 

we name them, 

3, Tell pupils that a point is named by a capital letter placed 
near the dot representing the point. 



4, How many points are pictured? 
What are the names of the points? 



% 



A 
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F 



Note : Explain to pupils that hereafter we shall say, "Draw 
a point" but we shall always mean, "Draw the model of a 
point • " 



o 



E. Geometric figures 

1# Consider these different sets of points: 

A □ 

Name the geometric figure formed by each, 

2, Tell pupils that any set of points is a geometric figure . 
3# VIhich of the following represent geometric figures? 



b. ta,b,c) 
II. Practice 



d. . . 



A. Tell >diich words in the list describe physical things and which 
describe ideas. 



1. New York City 

2. Sunlight 

3. Bravery 

The numeral 8 



5. The number 8 

6. Helpfulness 

7. Dot 

8. Point 



B. Draw a point on your paper. Draw a point to the right of it; 
to the left of it; above it; below it. 

1* In what way do these points differ? (position) 

2, Of >diat set are these points a subset? (all points on the 
paper; points in space) 

3# Name the points you have drawn. 

C. Think of a point in the classroom. Describe its location so 
that your classmates can find the point. 

D. How many representations of a point do you think you can place 
on your paper to cover it coaqpletely? on the chalkboard? on the 
wall? 
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E* How many points are there in the room? the buiXding? 
in all of space? (an infinite number in each case) 

P, Look at this "empty” box. In terms of mathematics, 
with what is it "filled"? Let*s move the box to 
another place on the desk. With what is it now filled. 

Etolain why these points are not the same as the points 
in the box when it was in its previous place on the desk. 
(Points are positions. These are different positions.) 

G. When NASA decides that two rockets will rendezvous, what 
does this mean? (They will meet at the same point in 

space.) 

III. Summary 

A. In geometric space, what is a point? (an idea, a position) 

B. How may we represent a point? (by a dot) 

C. Distinguish between a point and a dot. (A point is a 
mathematical idea which exists only in our imagination; 
a dob is a model or representation of a point.) 

D. How large is a point? (A point has no size.) 

E. How many points are there in space? (an infinite number) 

F. How do you name the model of a point? 

G. What is meant by a geometric figure? 



- 101 - 



Ufa 



1 



Lesson 30 

Topic: Line Segments and Lines 

Aim: To reinforce and extend the meaning of line se^nent 
Specific Objectives: 

Meaning of line segment 

Naming a line segment; symbol for line segment 
A line segment has one dimension - length 
Two points determine a line segment 

Challenge: In which of the following sets of three points is point E 
between D and F? 



D £ F 

file • • • 



b. 



E 



D 

c • • 

D 

d. • 



F 

# 



% 



E 



F 



!• Procedure 

A. Concept of a line segment 

1« Have pupils see that only in a is point E between D and F, 
(challenge) 

Note : Point B is said to lie between points D and F if and 
only if all three points are distinct points on a line and 
DE + EF = DF. 

2« Have pupils draw two point>s and label them C and D« 

Have them draw another point between C and D and label it E. 
Have them draw as many points as th^ can between points C 
and D. 

2 5 5 

How many points are t:'.ere between C and D? (an infinite number) 

3. Tell pupils that the two points C and D and ^1 the points 
between them make up a set of points called a line segment * 

The two points C and D are called the endpoints of the line 
segment. 

C D 

i 
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1 Have tiuTiils give examples of models of line se^nents 
tolt sefIbourSem: edge of the deek, edge of a 

ruler, and so on# 

B# Naming a line segment; symbol for line segment 

1# Have pupils suggest a w to name the picture of a line 
segment which each has dra^/«i, as, for example. 



A 



B 



This line segment is called "line segment AB" or "line 
segment BA«" 

2. The symbol we use for the words ^Ine segment" is a bar 
over the capital letters, i.e., AB. This symbol is rea : 

"line segment AB#" 

What is another symbol for the same line 8e»a«nt? (BA) 

How is this symbol read? 

C# A line segment is one-dimensional 

1 How is your picture of a line segment different fr^ those 
o? y^ cilssLtes? (longer, shorter, the same length) 

2. that a line segment has only one dimension - length. 

D. Two points determine a line segment 

1 Have pupils draw several pairs of points and haw th m J oto 

^^th a straight edge. In each case, what geometric 

figure is drawn? (a line segment; 

2 For any two points, how many line segments are there 

• consSt Ttle two’points and all the points between them? 

(only one) 

3 Tell piroils that since for any two po^s there 

Itae sel^ent, we say that two points dsten^ a line seg 

ment. 
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II. Practice 

A. Write in symbols: 

!• line segment BC 

2. line segment FG 

3. line segment PQ 

B. What is the meaning of the following aymbols? 

1 . m 

2. CD 

3. XI 

C. Make a dot to represent point P on your paper. , Draw pictures 
of four line segments which have P as one endpoint. 

D. Name six line segments that are represented below. 

P Q R S 

E. Name as many line segments as you see represented in the drawing. 




1. Which point is contained in both BD and DC? 

2. Which point is contained in both AB and AC? 

III. Summary 

A. What is the meaning of a line segment? 

B. How many line segments are determined by any two points? 

C. How is a line segment named? What symbol is used for line 
segment? 

D. How many dimensions does a line segment have? What is 
this dimension? 

£. What new vocabulary have you learned today? (line segment^ 
endpoint) 
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Lesson 31 

Topic: Line Segments and Lines 

Aim: To reinforce and extend the meaning of line 



Specific Objectives: 



Concept of a line 

Naming a line; symbol for line ^ 

The number of lines through a point 

Two points determine a line 

Two different lines do not intersect in 



more than one point 



Challenge: We have been using 
piece or a part# 
line segment: 



the word "segment” whidh means a 
Consider the following picture of a 



A. B 

Of what do you think S is a piece or a part? 



I# Procedure 



A# Concept of a line 

1. With reference to the challenge, elicit that « is a piece 
or a part of a line. How shaU we draw the line? 

2 Have nupil extend the line segment in one dirertion 

thin Ke opposite direction. How far can this picture 
of a line be fended in each direction on your paper? 

. tow flrca^ a nil (the idea) be extended in each direction? 

(endlessly) 

What is tne difference between a line and a line segment? 

U line has no endpoints; a line segment has two en(^oin s) 

-a uovro trv to R±ve examples ol representations of lines 

rihrSsicS ^rfd. (Hhe physic^ world there are 
representations of line segments only.; 



B. Waning a line; symbol for a line 

1. Draw a picture of line segment K1 with endpoin.s K and L. 

j. Extend it in each direction — K . J 

Of idiat does it now appear to be a model? (a line) 

How can we indicate that the line is unending? Tell pupils 
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that arroi^eads are orawn to show that the line is 
unending. 



4 








2. We name the line represented above, line KL. 

We shall write S to mean ’’line KL.” 

Another name for this line is This is read ’’line LK.” 

3. A line may also be named by a lower case letter. 

Read '•line m” 

C. The number of lines through a point 

1. Make a dot on your paper to represent point D. 

a. Draw a picture of a line r :diich passes through point D. 

b. Draw a picture of a line s \^ich passes through point D. 

c. Draw a picture of a line t which contains point D. 

d. How many lines pass through point D? 

2. Have pupils conclude that for any point there is an infinite 
number of lines ^^ich contain this point. 

D. Two points detemdne a line 

1. Mark two dots on your paper to represent points E and F. 

a. Draw a picture of a line which contains points E and F. 

b. Try to draw another pictiire of a line which contains 
points E and F. Can this be done? 

2. Have pupils conclude that for any two points there is 
exactly one line vAiich passes through both of the given 
points. 

We sometimes express this thought by saying that two 
points detennine a line. 
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E. Two different lines do not intersect in more than one 
point 

1, Consider the following drawing: 




Elicit that S and have point E in coranon. 

lines have a point in eonmon we say the lines intersec t. 

2. Have pupils draw several pictures of 

^at ie the greatest number of points in which any pair 

of different lines intersect? 

3. Have pupils conclude that two different lines do not 
intersect in more than one point, 

II, Practice 

A# Write in symbols: 

1, line MN ^ 

B, What is the meaning of the following symbols? 

1. If 2. f3 

c. Consider the following drawing: 




1. Name four lines in the drawing using two points to name 
each line# 

2. Are tS, t? and t? different lines? Explain. 

3. VJhat point is contained in both and BC? 

In what point do these lines intersect. 

K s s.® s rs; (. -*») 
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D* Mark on your paper three dots idiich r^resent points 
D, £> and F. 

Draw as many pictures of lines 

as you can which contain two of ^ 

the points. D 

How many pictures of lines did 

you draw? • P 

E. Mark on your paper four dots 

which represent points D, E, F, and 

G. 

D. 

Draw as many pictures of lines as 
possible which contain two of the 
points. 

How many pictures of lines did you G,* 

draw? 

Ill* Siimmary 

A. How is a line different from a l.’jie se^ent? 

B. Vlhat are two ways of naming a line? 

C. How many pictures of lines can you draw which contain the 
same two points R and S? 

D. How many different lines contain a point A? 

E. What is the greatest number of points in which any pair 
of different lines intersect? 

P« What new vocabulary and symbols have you learned today? 
(intereeetj syniboi for line) 
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Lessons 32 and 22 
Topic: Rays and Angles 

Aim: To reinforce and extend the meaning of ray; of angle 



Specific Objectives: 



Meaning of a ray 

Naming a ray; symbol for ray 

Meaning of angle 

Naming an angle; syn^ol for angle 



Motivation: We often see "rays” of light - from a ^ 

an automobile headlight, from the sun. In e^h ^se, 
uhAT*A Hoes the rav start? How far does it extend? 



What is a ray? 



I, Procedure 



A, Meaning of a ray 



1* What geometric figure does this ^ 
drawing represent? 

What is a line? 4 

2« Consider point J on the line. 



a. Into how many sets of points has point J divided the set 
of points of ^ich the line consists? K3) 

b. Describe each set, (The set of points on one si^ ^ J; 
the set of points on the other side of J; the set with 

the single element, point j) 



3 . Tell pupils that the set of points composed 
of J axid all the points of the line on^one ^ 

side of J is called a ray. (motivation) J*- 

The set of points congjosed of J, and all the 

points on the line which are on the other ^ ^ 

side of J is also a ray. 



J is called the endpoint of either ray. 
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a. How many rays are pictured in the 
figure on the ri^t? (two - P 
and the part of the line on one ^ P 

side; P and the part of the line 
on the other side) 

b* Why may we think of the **ray” from a flashlight as a model 
of a mathematical ray? (The flashlight may be considered 
the endpoint and the beam of light, the (half) line.) 

4* Elicit that we may say a ray is the union of a given point on 
a line and all other points on the line on one side of this 
given point# 

B# Naming a ray; symbol for ray 

1# Consider the drawing at the right: ^ —i 1 ► 



a# What is the name of this line? 

b# How many rays are shown which contain 
point J as an endpoint? 

2# Consider the ray consisting of endpoint 
J and all the points on the line to the 
right of J. 

i 1 ► 

a# Tell pupils that we use the endpoint of a ray as well 
as another point bn the ray to name the ray# (the end- 
point is named first) 

b# Thus, the ray pictured above may be named ray JF# 
c# A simple way of writing ray JF is JF# 

3* Elicit that to name the other ray with 
endpoint J, we must name a point to the 
left of J, for example, poiit K# ^ ^ j 

a# This ray is called ray JK# 

b# The symbol for this ray is jJ. 

Note that in the symbol the arrow ( — > ) always points to 
the ri^t# 

C# Meaning of angle 



1# Have pi^ils recall the meaning of union of two sets# 

The union of two sets is a set which consists of only those 
elements which belong to either or both sets# 
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2. Have pupils mark a point on paper. 

Have them label the point R. 

a. Draw a ray with R as the endpoint. 

b. Draw another ray with R as the 
endpoint . 

c. What geometric figure is represented by 
your drawing? (an angle) 

d. How many rays are there in the drawing? 

What point do they have in common? 

^ VJhat elements are in the vinion of the two rays 

in 2? (the endpoint E, all the other points 

in each ray) 

L. Elicit that an angle is a set of points. . . 

It is the union of two rays, not on the same line, whic 

have a common endpoint. 

5, Have pupils recall that each ray is called 
a side of the angle. To name the sides, 
we name any point on each of the two rays. * 

Name the two sides of the angle pictured 
above. 

6. Have pupils recall that the common endpoint of the rays 
is called the vertex of the angle. 

What is the vertex of the angle in 5* 

D. Naming an angle; symbol for angle 

1. Have pupils recall the several ways of 
naming an an^e. 

a. The symbol for angle is 

b. The angle pictured above may be named 
angle URM or /jm. It may also be named 

c. Where is the letter naming the vertex placed 
in naming an angle? 

d. An angle may also be named s^ly by its vertex letter 
as, for example, angle R or ^R. 
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2. Have pupils draw and name several angles. 



II. Practice 



A. Draw a picture of a line; of a line segment; of a rayi 



6. Refer to the diagram at the ri^t to 

answer the questions. ^ 



i—i. 



1. How many rays can you find represented 
in the diagram? 

Name all the rays you can identify. 



2. Are L? and lJ names for the same rays? 
Explain. 

3* Nhich point is contained in both kJ and icf? 
4* V/hat is the intersection of K? and kS? 



C. Draw the union of two rays not on the same line with a common 
endpoint. 



1. liAiat is the geometric figure you have drawn called? 

2. Label the rays. Vfhat is the common endpoint? 

What is the name of the angle? 

4. Name the vertex. Name the sides. 



D. What is the name of this angle? 
( /mi, /MLK, /L ) 



£. Consider the diagram at the right. 



1. What is the common vertex of these 
angles? (O) 



2. How many angles are shown in this 
diagram? (3) 




3# Name the angles. ( /POQ, /QOR, /POR ) 

4. Why do we not call any of these angles /O? 
F. The hands of a clock suggest an angle. 

1® Where is the vertex? 



2. Why are the hands not exactly the model of a ray? 
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G. 

H. 

I . 



Describe five objects in your classroom or in your home 
“Which suggest angles. 

If three rays, not on the s^e l^e, have a common end 
point, how many angles are fomedj 

4. -i-viA Qfline line, have a common endpoint. 
If four rays, not on the same xme, 

how many angles are formed? 



Ill, Summary 

A, How are a ray and a line related? (A ray is part of a line.) 



6 . 



What is the difference in the naming of a line and of 

(A line is named by any two points on it; a ray is named by its 

endpoint and any other point on it,) 



C, What is the difference in the naming of a line segment and of 
a ray? (A line segment is named by its two endpo:^ts; a ray is 
named by its endpoint and any other point on it,) 



D. Consider the line, the line segment, and the ray. 

Of which can you get a measure of len^h? (^e segment) 
Explain, (Only the line segment is not unending.) 

E, How can we describe an angle in terms of the union of two rays? 



P, When an angle is formed by the union of two rays, what is their 
common endpoint called? 

What are the rays called? ^ 

Do the rays or sides of an angle ever end. Sxplain, 



G, In naming an angle using three letters, idiat is the position 
of the letter which names the vertex? 



H, What is another way of naming an angle? 

I, What mathematical vocabulary have you used today? 

(ray, an^e, side, vertex) 
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Lessons 34 and 35 

Topic: Planes and Lines 

Aim: To reinforce and extend understanding of the meaning of a plane 

Specific Objectives: 

To understand: 

A flat surface is a model of a plane 

The set of points in a plane extends without end 

If two points of a line are in a plane, the \thole line is in 

the plane 

The intersection of a plane and ^ line v^ich is not in the 

plane is a point 

If two planes intersect, their intersection is a line 
Three points determine a plane 

Challenge: In the woodworking shop, an Instrument called a plane is 
frequently used. 

For what is it used? 

I, Procedure 

A, A flat su:rface is a model of a plane 

1, Elicit that the instrument we call a plane is used in the 
woodworking shop to create a flat surface, 

2, Tell pupils that in mathematics, just as we consider a dot 
to be a model of a point and a straight edge to be a model 
of a line, so we consider the set of points on a flat sur- 
face to be the model of a plane , 

3» Have pupils suggest illustrations of models of planes: the 
desk top, the floor of the classroom, a piece of paper, and 
so on, 

B, Tlie set of points in a plane extends without end 

1, Consider a page in your book. Of what is the page a model? 
(a plane) 

2, Elicit that before the page was cut to this size, it was a 
poi;tion of a larger sheet of paper. We can think of a still 
larger sheet of paper of which the page is a portion. 
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3. Imagine the sheet of paper growing longer and longer, 
and wider and wider, stretching without end. 



Elicit that the set of points in a plane extends without 
end. 



4. 



Discuss with pupils the fact that the illustrations they haye 
suggested for models of planes are actually representations 
of parts of planes. 



C. If two points of a line are in a plane, the vdiole line is in 
the plane 



1. Have pupils consider the part of a plane represented by a 
sheet of notebook paper. 



a. Have them mark two points on the paper and label them 
R and S, 

b. How many (straight) lines can you imagine containing the 
two points? 

c. Draw a picture of a line going through the dots representing 
points R and S. 

Will any points of the line containing R and S not be in the 
plane represented by the paper? 

d. Will all points of be in the plane containing R and S? 

e. Have pupils conclude that if two points of a line are in 
a plane, the whole line is in the plane, 

D, The intersection of a plane and a line which is not in the plane 
is a point 

1, Have pupils consider a sheet of paper and a pencil. 

What does the paper represent? (a part ^ plane; 

What does the pencil represent? (a part of a line; 



2, Put the pencil through the paper, 

a. What would you call the inter- 
section of the plane and the 
line? (a point) 

b. How many points do the plane and 
line have in common? (one and 
only one) 




Pencil piercing paper 
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3# Elicit other illustrations of a line intersecting a plane, 

(a nail hammered into a wall) 

4* Have pupils conclude that the intersection of a plane 
and a line which is not in the plane is a point. The 
point is in both the line and the plane, 

E, If two planes intersect, the intersection is a line 

1* Take two sheets of paper and cut a slit 
in one sheet. 

Pass the other sheet of paper throiigh 
the slit,, 

a. What geometric figure does each 
paper represent? (a part of a plane) 

What does the slit represent? (a line 
segment) 

b. If the two sheets of paper represent 
planes, what is their intersection? 

(a line) 

2* Consider the floor and a wall as representing parts of planes, 

a. What would you call their intersection? (a line segment) 

b. If the floor and the wall were planes, vdiat would the 
intersection be? 

3« After several such illustrations, elicit that if two planes 
intersect, their intersection is a line. The line is in 
both planes, 

F, Three points determine a plane 

1* Why must a chair or a table have at least three legs? 

a. Have pupils consider what would happen were a chair to 
have only two legs. 

Elicit that a chair with only two legs could not remain 
in a standing position. 
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b. Guide pupils to understand the mathematical reason 
for this as follows: 



1) Consider the points of two pencils as points in space. 
Use a cardboard to represent a part of ^ . 

Holding the pencils still, touch the cardboard to the 



Tilt the cardboard about the two pencil points, so 
that it adsumes various positions. 



2) What do the different positions of the cardboard 
represent? (different planes) 

3) How many planes in space contain two given points? 
(a limitless number) 

c. Place a cardboard on three pencil points not on the 
same line. 

If the pencils are held in place, can the cardtowd be 
tilted now? (No - there is only one position of the 
cardboard on the three pencil points.) 

2. Have pupils conclude that one and only one plane contains 
• three points Which are not on the same line. 



II. Practice 

A. How can we decide whether a particular surface represents 
part of a plane? 

1. Let the chalkboard surface represent a p^ of 

Mark two points on the chalkboard and join thai with a 

strai^t edge. 

a. What geometric figure have you pictured? (a line segment) 

b. Does the line segment lie entirely in the plane of the 
chalkboard? 

2. Mark two other points on the chalkboard. 

Repeat the procedure outlined above and 

line segment lies entirely in the plane of the chalkboard. 

3. If a line segment joining ^ 

entirely within the surface, what can you conclude about 

the surface? (it represents part of a plane; 



B. How would you prove that a drinking glass is not a flat surface? 

C. Consider several pages of an open book 
as shown at the ri^t. 

1. Wiat do these pages represent? 

(parts of planes) 

2. What would you call the intersection? 

3. Think of a line in space. How many 
planes can be thought of idiich con-» 
tain the line? 

D. Refer to the diagram below in which a part of a plane is repress 

The plane has been named by a capital letter placed in the corn 
of its representation. i, 

1, Where does line b lie? (on plane A) 



4. What is the geometric figure formed 
by the intersection of line c and 
plane A? (a point) 

5, Name the intersection of line c and 
plane A. (point P) 

E. Consider a shoe box 

1, What geometric figures do the sides of the box represent? 
(parts of planes) 

2# If the sides of the box were planes, what would the inters 
section of two sides be? 

3. Are there any planes suggested by the sides of the box 
'vdiich do not intersect? 

F. (Optional) How many planes will contain a given 

point and a given line? 




2. How many planes can you think of 



which contain line b? 

3, Does line c lie on plane A? 





G. (Optional) How many planes will contain two 
intersecting lines? 
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III. Summary 

A. Why is a ball not an illustration of a portion of a plane? 

B. Why is a sheet of paper called a model of part of a plane? 

C. If tw) points of a line are in a plane, K<hat can you con- 
clude about all the other points of the line ? 

D. What mathematical idea does a tie tack passed throu^ a 
tie illustrate? 

E. Why does folding a paper produce a straight edge? 

F. Why will a table on three legs not rock? 

Why may one with four legs rock? 

G. What new vocabulary have you learned today? (plane) 
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Lesson 36 

Topic: Closed Curves 

Aim: To reinforce and extend understanding of a 8in^)le closed curve 

Specific Objectives: 

Concept of closed curve 
Meaning of simple closed curve 

A sin^Dle closed curve separates the plane into three sets of points 

Motivation: Sometimes when you are listening to a speaker you occupy 

your hands by making dravdngs on a piece of paper. We say 
you are doodling. Make such a dravdng. 

What familiar objects do your doodles resemble? (faces, 
flowers, squares, rectangles, circles, lines, numerals) 

Why do mathematicians consider all your doodles to be 
geometric figures? 

I. Procedure 

A. Concept of closed curve 

1. Elicit that a drawing is a representation of a set of points. 
Since any set of points is considered to be a geometric figure, 
all doodles are considered to be geometric figures. 

2. Draw a point. Starting at this point draw any figure in the 
plane of the paper without lifting your pencil from the paper. 

Some pupils may draw pictures like these: 



Others may draw figures like these: 
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Tell pupils that if a picture of a set of points 
can be drawn without lifting the pencil from the 
paper, the figure is called a curve# 

Thus, mathematicians use the word curve for ^ 
kind of line drawn in this way, whether strai^t 
or curved# 

3# How are the curves in group a different from those 5^ 
group b? (In group b, the curves were drawn by starting 
at a point, having the pencil point move so that it 
never left the paper, and coming back to the starting 



Tell pupils that a curve which begins and ends at the 
same point is called a closed curve# 

B. Meaning of a simple closed curve 

1# Have pupils draw some pictures of closed curves# 

Some may look like theses 



point • ) 




Others may look like these: 



0 




i 
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2. How are the curves in group a different from those in 
group b? 

a. The curves in group a do not cross themselves# 

Closed curves that do not cross themselves are 
called simple closed curves . 

b. Refer to motivation. 

Which of the curves that you pictured are single closed 
curves? Why? 

c. Tell pupils that because the geometric figures we have 
represented are all sets of points in a plane^ we call 
them plane figures . 

C. A simple closed curve separates the plane into three sets of 
points 





1. Draw a picture of a simple closed curve 

a. Where are the points of the plane 
of the paper in relation to the 
simple closed curve? (inside the 
curvet outside the curve} on the 
curve) 

b. Into how many sets of points does the simple closed curve 
divide the plane? (3) 

c. What are the three sets of points? 



The three sets of points are; 

1) The set of points that form the geometric figure. 

2) The set of points inside the figure. 

3) The set of points outside the figure. 

2. Tell pupils that the set of points inside the geometric 
figure is called the intej»ior . 

The set of points outside the geometric figure is called 
the exterior . 

The figure itself is the boundary between the interior and 
the exterior. 

3* Have pupils draw a picture of a suiple closed , curve. 

Have them locate several points in the interior} several 
points in the exterior} several points on the boundary. 
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II, Practice 

A. Which are closed curves? 

Which are simple closed curves. 



B. The window frame in your classroom is a model of a simple 



Name three objects in your classroom which are models of 



c. The figure at the right is a 
picture of a simple closed 
curve and points S> T. 



1. Which point is in the interior of 
the simple closed curve? 

2. Which point is in the exterior of 
the curve? 

3. Which point is on the curve? 



D. Which of the models of geometric figures pictured below 
are not plane figures? Explain, 



E, Which of the geometric figures pictured below are p±ane 



1 , 



2 , 




closed curve. 





1 




figures? 



F 
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If the insect crawls from the ceiling to the wall^ must 
his path now be a plane figure? Ejqplain* 

III. Summary 

A. What is a closed curve? 

B. What is the difference between a closed curve and a simple 
closed curve? 

C. Describe the sets of points into which a sinqple closed 
curve separates the plane. 

D. What is meant by a plane figure? 

£• What mathematical vocabulary have you used today? 

( closed curve, single closed curve. Interior, exterior, 
boxmdary, plane figure) 
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Lesson 37 

Topic: Simple Closed Curves 

Aim: To reinforce and extend the meaning of a polygon 
Specific Objectives: 

Meaning of polygon; naming a polygon 
Classification of polygons 

The circle as a special kind of simple closed curve 




In nhat way are they alike? 

In what way do they differ? 

!• Procedure 

A« Meaning of polygon; naming a polygon 
1. Refer to challenge. 

a. Elicit that the figures are alike in that both are 
representations of sinqple closed curves. However, 
the simple closed curve in b is formed by the union 
of line segments. 

b. Tell pupils that a special name is given to a simple 
closed curve which is a union of line segments. We 
call it a polygon . 

Each of the line segments is called a side of the. 
polygon. 

A common endpoint of two line segments is called a 
vertex of the polygon. 



c. Vfhich of the follovdng represent polygons? Explain 




2« Hovr can we name a polygon such as the 
one represented in the figure at the 
right? 

a. Pupils may suggest naming each 
vertex of the polygon by a capital 
letter# 

b# Have pupils practice drawing pictures 
of polygons and naming them# 

Note to Teacher ! Polygons may be con- 
vex or concave# A polygon is convex 
if none of its diagonals are outside# 

It is concave if one or more diagonals 
are outside# Thus 






convex concave 
^ polygon „ polygon 



In this course, convex polygons only 
will be considered. 



6. Classification of polygons according to the number of sides 




1# Draw an exanple of a polygon that has: 

3 sides, 4 sides, •••8 sides. 

Can you draw a polygon with only 2 sides. 
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2. Help pupil classify polygons according to the number 
of sides* 



Diagram 





Wnmber of Sides 






a 
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Name 



Triangle 



Quadrilateral 



Pentagon 



Hexagon 



Octagon 









C. The circle 



!♦ Draw a point on a piece of paper and then draw another 
point which is a distance of one inch from the first 
point. Draw many points which are at a distance of 
one inch from the first point. .• 

•• 

a. “What figure is suggested by your dots? * • 

b. Elicit that a circle is the set of all 
points in a plane which are the same 
distance from a point in the plane 
called the center. 

2« Why is a circle a simple closed curve? 

What distinguishes a circle from a polygon? 

3» The rim of a drinking glass suggests a circle. 

Name five more objects in your classroom or in your 
home which suggest circles. 

4« Have pupils draw pictures of circles freehand. 

Then have them use a conpass to draw a picture of a circle. 
Why does the compass produce better results? 

II. Practice 



A. Which of the following represent polygons? 




B, Of the figures in k, which represent golygons> which represents 
a trlan^e? a quadrilateral? a pentagon? an octagon? 



i 






C. What special kind of aiJople closed curve is represented 

in A? ‘ - 

D. Consider the polygon represented at the ri^t. 

1. Name each vertex of the polygon. 

2. Name the line segments vihich are the sides 
of the polygon. 

3. Name the polygon. 

4. What kind of polygon is this? 

III. Suiflmary 

A. What is neant by a polygon? 

B. How do we name a polygon? 

C. How are polygons classified? 

D. What do we call a polygon of three sides? four sides? 
five Sides? six sides? seven sides? eight sides. 

E. What do we call the set of all points in a which 

are the same distance from a fixed point in the plane. 

F. What is the difference between a circle and a polygon? 
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Lesson 38 



Topic; Parallel Lines 

Aim; To reinforce and extend the meaning of parallel lines 



Specific Objectives; 



Meaning of parallel lines 

Through a point not on a given line there is no more 
one line parallel to the given line 
Special quadrilaterals; trapezoid, parallelogram 



than 



Challenge; Why will the two rails of a railroad track never 
intersect? 



I. Procedure 

A* Meaning of parallel lines 

1* Discuss with pupils the need for the rails of a train 
track to accommodate the train wheels* ^ 

Since these wheels are always the same distance apar^ 
the rails must likewise remain the same distance apart* 

2. Have pupils give other examples which suggest lines 
which do not meet* 

3, Tell pupils that lines in the same plane which do not 

intersect are called parallel lines* , ^ x •• 

We use the symbol || for the words '»is parallel to* 
Thus, c 1 1 d is read ’’line c is parallel to line d* 
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5. Consider the lines suggested by the intersection of the 
front wall and the ceiling, and the intersection of the 
side wall and the floor. 



a. Will these lines meet? 

b. Are the lines in the same plane? 

c. Are the lines parallel? 

6. Tell pupils that two lines that do not intersect and do not 
lie in the same plane are called skew lines. 



. The number of lines that may be drawn parallel to a given line 
through a point not on the line 



1. Draw a picture of a line / and mark a point P not on the line. 

P . ^ " 



a. Through point P draw a picture of a line 
narallel to line • 



^ ^ X 



b. Throu^ point F can we draw another line, ^ 
different from the first, paraUel to 
line^? 

c. Through point P, how many lines parallel 
to line Z are there? 



2. Have pupils conclude that throui^ a 

line there is no more than one line parallel to the given 

line- 



C. Special quadrilaterals 

1. Consider the parallel lines @ and ^ represented in 
the drawing at the right. ^ 

a. What appears to be true of BF and GH? 

b. Choose another segment on ^ and one on S. 

What is true of these segments? 
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Have pupils realize that if two lines are par^lel, any 
segment of one line is parallel to any segment of the 

other line. 



3* Consider the dravdng at the right* 

a* How many sides are there in the 
polygon ABCD? 

b. What do we call a polygon whi.ch is the 
imion of four line segments, iquadrj :t3ral) 

c. What is true of S and DC? (parallel) 

d. Are AD and BC parallel? 

4. Tell pupils that a quadrilateral which has only one 
pair of parallel sides is called a tr&pezold* 

5* Have pupils draw several pictures of trapezoids. 

E 

6. Examine the drawing at the right. 

a. How many sides are there in polygon EFGH? 

b. What do we call a polygon of 4 sides? 
c* What is true of EF and HG? of EH and FG? 

7. Tell pupils that a quadrilateral which has both pairs of 
opposite sides parallel is called a parallelogram . 

8. Have pupils draw several pictures of parallelograms. 

II. Practice 

A* What appears to be true of the two lines suggested by the 
Intersection of the front wall and the ceiling^ and the 
intersection of the front wall and the floor? 

B. Give three examples of pairs of parallel lines suggested by 
objects in your classroom. 

C. Give three examples of pairs of skew lines suggested by 
• objects in your classroom. 

D. If line m is parallel to line n, and line n is parallel to 
line Tf ^at do you think is true about lines m and r? 

E. Draw a picture of a four-sided plane figure with no two 
sides parallel; with one pair of sides parallel; with both 
pairs of opposite sides para3J.el* 
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F. What do you call each of the figures you drew for 

G. Consider the drawing at the ri^t. 

1. What special quadrilateral is ABGF? Why? 

2. What special quadrilateral is EHCD? Why? 

3. What special quadrilateral is EFGH? Why? 




H. Is every rectan^e a parall^ogr^? 

T« everv Darallelogram a rectan^e? Ebqplain. 



III. Suimnary 

A. How may two lines be related to each other? (Intersect, 
parallel > skew ) 

B. What is the difference between parallel lines and skew 
" lines? 



C What is the greatest number of lines that may be drawn 
S^Uel to I given line throu^ a given point? 

D. In what way is a trapezoid like all quadrilaterals? 

In what way is it special. 

E. In what way is a parallelogram like aU quadrilaterals? 
Tn -what wav is it special? 



F. What new yocabulary have you learned today? 
(skew, trapezoid, parallelogram) 
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Lessons 39 and 40 



Topic: Space Figures 

Aim: To develop an understanding of space figures 

Specific Objectives: 

Meaning of space figures 

Plane drawings picture space figures 

Recognition of some common space figures; prism (rectangular, 
triangular), sphere, cylinder, cone, pyramid 




!• Procedure 

A* Meaning of space figure 

' 1* Elicit that the drawing in a represents a plane figure 
because it pictures point s,**all of idiich lie entirely 
within a plane* 

The drawing in b does not represent a plane figure, 
since not all the points lie in one plane* 

2* Discuss with pupils that even though the set of points 
pictured in b do not lie in one plane, they are a 
subset of the set of points of i^ace* 

Tell pupils that such figures are called space figures 
rather than plane figures* 
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3* Have pupils give several examples of objects which 
suggest space figures which are not plane figures# 



B. Picturing a space figure 

1, Have pupils make a drawing of: a shoebox, a baby block, 
an orange, an ice cream cone, a juice can# 

2# Elicit that even though these are examples of space 
figures, we have used drawings on a plane to represent 

them# 

3. Which are drawings of space figures that are not 
plane figures? 



a# Tell pupils that each drawing 
represents a space figure • called 
a prism # 

b# Consider figure a# 

What familiar objects are models 
of such a prism? (shoe box, tooth 
paste carton, a book) 

1) Any one of the flat surfaces of 
the prism is part of a plane and 
is called a face of the prism. ^ 

How many faces are there in this prism? 

2) The ’’top” and "bottom’* faces of the prism are called 
bases of the prism. 

3) A prism all of whose faces represent rectangular 
regions is called a rectangul^ prism# 



(a ball, a book, a desk) 





C. Recognition of some common space figures 

1# Have pupils consider the drawings 
at the right. 
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c# Pose questions such as the following with reference 
to figure b. 

1) How many faces are there in this prism? 

2) What kind of region are its bases? (triangular region) 

3) What kind of region is each of the other faces of this 
prism? (rectangular) 

4) Because the bases of this prism are triangular regions^ 
what do you think we should call this kind of prism? 
(triangular prism) 

5) Name some objects which suggest a triangular prism, 
(cheese wedge^ glass prism used to show the diffraction 
of light ) 

2« Using similar procedures have pupils learn to recognize the 
following space figures: 

sphere cone 

cylinder pyramid 

3. V/hen describing and naming space figures, we often use a 
"double” name, as for example, rectangular prism, square 
pyramid, and so on. 

The "first” name refers to the base, and the "second” name 
refers to the faces. 

4. Have pupils practice making drawings (perhaps actual models) 
to represent the space figures studied. 

5» Have pupils realize that just as a simple closed curve divides 
the plane in which it lies into three sets of points, so a 
prism divides space into three subsets: 

a. the set of points on the surface of the prism 

b. the set of points outside the prism, the exterior 

c. the set of points inside the prism, the interior . 
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II. Practice 



A. Which of the following suggest space figures that do not 
lie in a plane? 



1. a ray 

2. a brick 
3# an orange 

4. a table top 

5. a line segment 



6, a triangle 

7, a funnel 

8, a swimming pool 

9, a circle 

10. an Indian tepee 



B. Some of these objects suggest rectangular prisms, cylinders, 
pyramids, spheres or cones. Classify each. 



1. basket ball 

2. water pipe 

3. funnel 

4. snare drum 

5. grapefruit 



6. lump of sugar 

7. coffee can 

8. hat box 

9. book 

10. tent pegged at four 
comers 



C. Make a drawing of the geometric figure that each of the 
objects in B suggests. 

D. Name three objects which are shaped like a rectangular prism; 
like a cube; like a cylinder; like a cone; like a sphere. 

E. Which of these is concerned with the surface of the model, and 
which is concerned with the interior of the surface? 



1. peeling a banana 

2. eating the banana after it has been peeled 

3. filling a bathtub with watdr 

4. painting the walls of a room 

5. sipping soda through a straw 

6. putting a gift in a box 

7. wrapping a box 

F. Substitute the name of the common object. 

1. The cookies were placed in a rectangu lar Solid. 

2. He hit the sphere over the fence. 

3. Some Indians still live in cones . 

4. Campers sometimes sleep in pyramids . 

5. Frozdn orange juice cOmes in cylinders. 

G. Bring in pictures that show objects, buUd^s, etc., idiich 
suggest each of the geometric forms studied. 
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Ill* S\umnazy 



A* What is the difference between the geometric figure 
suggested by a page of a textbook and that suggested 
by the book itself? 

B* In which space figure do you find the following as a 
face or as a base? Explain* 

1* circular region 

2* rectangular region 

3* square region 

4* triangular region 

C* Which of the space figures you have studied does not 
have a plane figure as a face or base? 

D* What new vocabiilary have you learned today? 

(space figure^ face^ base, edge, rectangular prism, 
triangular prism, cube, blinder, cone, pyramid) 
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CHAPTER IV 



This chapter contains suggested procedures for helping pupils 
understand and use the concepts of: 

set ir?>ter sect ion 
Venn diagrans 
divisibility 
prime number 
composite number 
greatest common factor 
relatively prine numbers 

In working with rational numbers, the pupil often needs to c^e 
the form of the numeral that names the number. Factcruig - 
nortant cart of this process and is therefore presented at this time. 
^^^SLp£ it ifus^ in -reducing a fraction to Its lowest terms- 

as follows: 



12 



4x2. 4^2^, 2=2 

4T3 4 3 ^ 3 3 



Any positive Integer n, greater than 1, is called a 
if it is divisible only by 1 and n. If an Integer n, greater than 1, 
is not a prime, it is said to be a composite number. 

An integer n can be factored into a product of prime numbers in 

greaMt integral factor of both of two integers, and in finding le 
common denominators# 

The discussions of prime and 

one from the possibility of being either prime or “ 

imr.'. »^ mt that the number 1 not be prime, for othervas . , 

Sctorisation theorem would not hold^true. If one were classified^as 
a nrime we could consider 2 x 3 or 1 X 2 x 3> or 1 X 1 x . 

as pi^e factorizations of 6. Thus, the factorization possibilities 

would be endless. 

The concent of greatest common factor , presented in this chapter 

will be utilized frequently in succeed!^ chapters as pupils work with 
will be uLiiizea ^T-patPst common factor of two numbers is 1, 

rational numbers# If the peatest cCTon lac 

then the numbers are said to be relatively P . the numbers 

Lest this terminology cause some pupils to out that one 

roast themselves be prime numbers, it is im^ -xampie^ in ^ , the greatest 
or both of the numbers may be composite# For example, ^ ^ 

.P i. o onH ii; ■?«» !• therefore 8 and 15 are relatively prime 

nS^rs.^°However, 8 and 15 are themselves composite numbers,not prime 

numbers. 
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CHAPTER IV 



EACTORING 

Lessons 41-44 



Lesson 41 



Topic: Intersection of Sets 

Aim: To learn the meaning of the operation of intersection of sets 
Specific Objectives: 

Meaning of set intersection; symbol for interseOtion 
Using diagrams to represent sets and intersection of sets 
(Venn diagrams) 

Challenge: Consider the set of pupils in the class >iho have blue 
eyes: 

E = {Robert, Laura, Nita, Harold] 

Consider the set of pupils in the class vitio are 5*6” tall 
or over: 

H = {Nita, Paiil, Leonard, Harold, Samj 

Vlho are the members of the set of blue-eyed pupils who are 
5*6” tall, or over? 

!• Procedure 

A. Meaning of set intersection; symbol for intersection 

1* Elicit that Nita and Harold are the only pupils whose names 
appear as members' of both sets* That is to say, they are 
the only members of the set of pupils who are both blue-eyed 
and 5*6” tall, or over* 

{Nita, Harold] is the set of all members common to sets E and 

H. 

2* Give the set of elements common to the following pairs of sets: 
a* fjane. Sue, Maryl; {Ann, Lynn, Mary] 
b. f5,6,8,10,U]j {1,2,5,7,8,95 
e. {0,2,4,6,8,10]} {0,4,8,121 

e. {3,6,9,12,15,185} 54,8,12,16,20} 
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3. Tell pupils that the set which consists of only those 
elements which are common to a pair pf sets is called 
the intersection of the pair of sets. 

4. Tell pupils that the symbol for intersection is 0. 

A n B means the intersection of set A and set B. 

We read this; A intersection B or the intersection of 
set A and set B. 

C = A n B means set C is the intersection of set A and 
set B. 

5. Consider the sets: R — [l>2,3] and S = 10,12} 

a. Which elements have these sets in common? 

b. How do we describe sets which have no elements in 
common? (disjoint) 

c. Elicit that the intersection of disjoint sets is the 
empty set. 

[ 1 , 2,33 n [4,6,8,10,12) = 

6. List the members of the intersection of the following 
pairs of sets. 

a. [1,10,100,1000} 0 [10,20,30,40} 

b. [0,1,2,3,4,5,...} 0 [1,3,5, 7,...) 

C. [2,43 n {6,8,10} 

d. [0} n [0,5,10} 

B. Using diagrams to represent sets and intersection of sets 

1. Tell pupils that diagrams , called Venn diagrams, are often 
used to represent sets and relationships between sets. 

a. Consider A * [1,3,5,73 and B * [0,2,4,6,8}. 



l) Let us picture the members of set A Inside the circle 
labeled k, and the members of set 6 inside the circle 
labeled B« 




2) Are any of the same elements in both sets? 

How are sets A and B related? (They are disjoint sets*) 

b. Consider C = tO,l,2,3»4»5] and D*[3»4^5^6,7»S) 

1) Are these sets disjoint? 

What elements are members of both sets? 

2) Have pupils see that sets C and D may be pictured 
as follows: 




The shaded portion of the drawing represents the 
Intersection of set C and set D. 

Note to teacher ; In the theory of sets, the rectangular 
region of the Venn diagram represents what is called the 
universe * The universe is the total set of elements 
about which the diagram is concerned* 

2* Have pupils draw diagrams of the pairs of sets in A-6, showing 
the members of the intersection set in each case* 

3* How can we use diagrams to picture a subset of a set? 



I 



i 
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a* Consider R = S ^5,7^9] 

1) How are these sets related? (S is a subset of R#) 

2) What is R n S? (f5,7,9)) 

3) If the elements of set R are pictured within circle 
E, where would you. place the circle containing the 
elements of set S? (inside circle R) 




Jell how the second set in each of the following pairs 
of sets is related to the first. 

1) L = fll>13) 

2) P = {10,20,30,40,50,60}; Q = {10,60} 

3) H = {0,5,10,15}.; K - fo} 

c. In b above, what is L 0 M?j PH Q?; H D K? 

d. Draw diagrams of the pairs of sets in b above. 

II. Practice 

A. List the members of the intersection of the following pairs 
of sets. 

1. F = {father, mother, Lilly, Jack}; H = {Lou, Peter, Jack) 
F n H = {Jack] 

2. C - [m,n,p,y}; D = {a,m,e,n,i} 

3. F = {2,4,6,8,10,12}; L = [3,6,9,12] 

4. N = [4,8,12,24]; P [3,6,9,18] 
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5# The set of whole numbers j the set of odd numbers. 

^ V t t i“ 3 



B. Make up pairs of sets whose Intersection is: 

1, two or more elements 

2, one element 

3, no elements 

/ 

C. Draw diagrams of the pairs of sets in A showing the members 
of the intersection set in each case. 

D. If A = {Ann, Helen, Bertha, Miriam} and B = {Alice, Janet, 
Barbara), what is A U B? 

How is this shown in the drawing below? 




E. If M = {2,4,3,16,32} and N = {2,4,6,8,10}, what is M U N? 
Kow is this shown in the drawing below? 




III. Summary 

A. What is meant by the intersection of two sets? 

What is the symbol for intersection? 

B. What is the intersection set of two disjoint sets? 
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C* How can we use drawings to represent the following? 

1, a pair of disjoint sets 

2* a pair of sets "vAiich have some elements in common 

3. the intersection of a pair of sets which are not disjoint 

4, a pair of sets in which one is a subset of the other 

D, What new vocabulary have you learned today? 

(intersection) 

E, What new symbol have you learned today? ( 0 ) 






Lesson 42 



Topic: Factoring 

Aim: To understand the concept of prime number 

Specific Objectives: 

Review of factors of a product 

Meaning of divisibility 

Meaning of prime number; composite number 

Challenge: In how many ways can you express 6 as a product of 
two idiole niuribers? 

I. Procedure 

A. Factors of a product 

!• Filicit that 6 can be e^qpressed as a product of two whole 
numbers in two ways: 

6 = 2x3 
6 = 6x1 

2. Have pupils recall that a factor is a number used in 
multiplication to form a product. Thus, 2, 3> 6, and 1 
are said to be factors of 6. 

a. Express 12 as a product of factors. 

12 = 2 X 6 

12 = 3 X 4 

12 = 12 X 1 

What is the set of all factors of 12? ({1,2,3, 4,6]) 

b. Express 19 as a product of factors: 19 = 1 x 19* 

What is the set of all factors of 19? ({l,19l) 

3. Elicit that any vdiole number may be expressed as the product 
of factors. 

Note to teacher : Althou^ fractional numbers can be factors 
of a product, we shall limit ourselves to the set of whole 
numbers. 
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4. List the set of all the factors of each nuaiber named. 

a. 20 d. 42 

b. 36 *' 66 



c. 37 



Be Divisibility 



1. Have pupils compute the following: 



6 T 2 

6^3 
12 -r 4 
15 ^ 5 



b. 

64- 5 
12 4- 7 
8 4-3 
15 4- 2 



How are the results of the computations in group a 
different from those in group b? (Each computation 
in group a results in a zero remainder, whereas those 
in group b have non-zero remainders*) 

2. Tell the pupils a number is said to be divisible by 
another number only if there is a zero remainder* 

6 is divisible by 2 because 2 divides 6 with a zero 

remainder. 



Is 10 divisible by 2? by 5? by 3? E:q>lain. 



3, Have pupils consider the following: 

a* Is 6 divisible by 2? Is 2 a factor of 6? 

b. Is 6 divisible by 3? Is 3 a factor of 6? 

c. Is 12 divisible by 4? Is 4 a factor of 12. 
d* Is 15 divisible by 5^ Is 5 a factor of 15 • 

4, Elicit that if a number is divisible by a second number, 
the second number is a factor or divisor of the first 
number* 

5* Have pupils test to see if the second number named in 
each pair is a factor of the first* 

c* 528 4- 21 



a* 128 4-4 b* 308 4- 14 



d. 57,510 



6* Fill in the table: 



Product 


One Factor 
(Divisor) 


Other Factor 


10 


2 


• 


15 


5 


9 

s 


96 


12 


9 



Elicit that given a product and one factor, the other 
factor can be found by dividing the product by the given 
factor. 

7* Have pupils use the follovdng systematic procedure for 
finding the set of all factors of a number. 

What is the set of a].l factors of 20? 

20 -r 1 = 20 This gives us the pair of factors: 1,20 

20 T- 2 = 10 Tills gives us the pair of factors: 2,10 

20 T- 3 = ? No factors 

20 -r 4 = 5 This gives us the pair of factors: 4^5 
20 -r 5 = 4 We already have this pair: 4^5 
We don*t have to try any more divisions. Why? 

The set of all the factors of 20 is {1,2,4,5^10,20} 

C. Prime number; composite number 

1. List the set of all factors of the counting numbers 
named belov/: 

a. 2 d. 10 

b. 3 e. 13 

c. 7 f. 15 

Which of the above have exactly two factors? (2,3,7,13) 

2. Tell pupils that a counting number vdiich has exactly two 

factors is called a prime number. ' 
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a* 2 is a prime number because its only factors are 2 and 1# 
b. 3, 5, and 7 are prime numbers. Why? 

e. Why is 4 not a prime number? (It has three factors: 1>2^4«) 

d. Why would you not expect any even number exTcept 2 to be a 
prime number? 

e. Why are the counting numbers 6, 8, and 9 not prime? 

f . How many factors has the counting number 1? 

Elicit that 1 is the only counting number which has 
exactly one factor. 

Note : Since the number 1 has only one factor, it is not 
considered to be a prime number. 

g. What is the least prime number? 

3. Tell which of the numbers named below are prime, 

a. 16 b. 23 c. 35 d. 29 

4. Tell pupils that any counting number other than 1 that is 

not prime is called a composite number. 

5. Which of the numbers named below are composite? 

a. 18 b, 21 c. 32 d. 31 

II. Practice 

A. List the five least counting numbers which have 7 as one of 
their factors. 

B. Test to see if the second number named in each pair is a factor 
of the first. 

1. 369; 3 3. 1217; 27 

2. 4325 18 4. 39184; 124 

C. Find the set of all factors of the numbers named below. 

1. 18 2. 41 3. 64 4* 70 
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D« Are the nunibers named below prime or composite? Justify 
your answer. 

1. 5 2, 8 3. 19 4. 22 

5. 58 6. 67 7. 95 

£• What is the next prime number after 79? 

What is the intersection of the set of prime numbers and the 
set of odd numbers less than 15? 

F. OPTIONAL ( Sieve of Eratosthenes) 

Use the following procedure discovered by the Greek scholar, 
Eratosthenes, to divide all the counting numbers except 1 into 
two sets: the set of composite nunibers and the set of prime 
numbers. We shall limit ourselves to the counting numbers 
through 100. 

1. Copy this arrangem.ent of numerals for counting numbers throu^ 
100, except 1. 





11 


21 


31 


41 


-5T 


61 


71 


81 


91 


2 


12 


22 


32 


42 


52 


62 


72 


82 


92 


3 


13 


23 


33 


43 


53 


63 


73 


83 


93 


4 


U 


24 


34 


44 


54 


64 


74 


84 


94 


5 


15 


25 


35 


45 


55 


65 


75 


85 


95 


6 


16 


26 


36 


46 


56 


66 


76 


86 


96 


7 


17 


27 


37 


47 


57 


67 


77 


87 


97 


8 


18 


28 


38 


48 


58 


68 


78 


88 


98 


9 


19 


29 


39 


49 


59 


69 


79 


89 


99 


10 


20 


30 


40 


50 


60 


70 


80 


90 


100 



2. Begin with 2; cross out all the numerals for multiples of 2, 
except itself. 



Find the next numeral not crossed outj it is 3* 

Cross out all the numerals for multiples of 3> except itself c 

4* Find the next numeral not crossed out; it is $. Cross out 
all the nimierals for multiples of 5> except itself. 

Continue this process for all the numerals in the arrangement. 

6. The numerals that have not been crossed out are the names of 
the prime numbers less than 100. 

What do the numerals that have been crossed out represent? 
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Ill* Sunmiary 

A. What do we call the numbers which are multiplied to form 
a product? 

B. If one number is divisible by a second number, what can we 
say about the second number? 

Q, If a product and one factor are known, how can we find the 
other factor? 

D# How many factors does a prime number have? What are the 
factors? 

£• What is the meaning of a composite number? 

F. Is there a number that has no factors? Ebq)lain# 

G« How many numbers have only 1 factor? 

H# Is there a number which is a factor of all niuibers? 

I, What new vocabulary have you learned today? 

(factor, divisible, prime number, composite number) 
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Lesson 43 



Topic: Composite Numbers 

Aim: To understand how composite numbers may be expressed as the 
product of prime factors 

Specific Objectives: 

Prime factors 
Complete factorization 
Unique factorization property 

OPTIONAL; Tests for divisibility 

Challenge: Can every composite nxairiber be given as a product using 
only prime numbers? 

I. Procedure 

A. Prime factors 

1. What are all the possible pairs of factors of the number 12? 

12 = 1 X 12 
12 = 2 X 6 
12 = 3 X 4 

a. Elicit that the number 2 is a prime number; also, 2 is 
a factor of 12. We say, therefore, that 2 is a priJie 
factor of 12. 

b. Does 12 have another prime factor? What is it? 

c. The set of all prime factors of 12 is [2,3}. 

2. V^at are two ways of expressing 15 as a product of pairs of 
factors? 

15 = 1 X 15 
15 = 3 X 5 

a. What are the prime factors of 15? 

b. What is the set of all prime factors of 15? 
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3* Find the set of all prime factors of each conposite 
number named below. 

a. 18 b. 21 c. 36 d. 45 

B. Complete factorization 

1. Is it possible to express aijjr conposite number as the 
product of prime factors? ( challenge ) 

a. Consider 30. Is it prime or coirposite? Miy? 

1) Express 30 as a pair of factors, neither of which is 
1, For exauple, 30 = 3 X 10. 

2) Is the factor 3 prime or composite? (prime) 

Is the factor 10 prime or conposite? (coiiposite) 

3) Since 10 is not a prime number, find a pair of 
factors of 10. (2 and 5) 

4) How can we now express 30 as the product of prime 
factors? 



30 = 3x2x5 

5) A factor tree, such as that below, is helpful in 
finding the nrime. factors of a number. 



prim la 

A 



10 



A: 



The prime factors of 30 are 3^ 2, and 5» 30 “• 3x2x5 

b. Have pupils explain how a factor tree can be used to 
find the prime factors of 12; of 45* 

L2 







A. 



12 " 2x2x3 or X 3 45 “ 3x3x5 or 3^ x 5 
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2, Tell pupils that when a composite number is expressed as 
a product of prime numbers, we say that it is factored 
completely . We have found the prime factorization of the 
of the number. 



3. Factor completely: 26 36 60 72 

C. Unique factorization property 

1. Have pupils find the complete factorization of the number 60. 

a. Some pupils may factor as folloi/s: 

60 




30 





Elicit that this is a complete factorization of 60» 

b. Other pupils may factor as follows: 





Elicit that this is a complete factorization of 60. 

c. Does 2x3x2x5 = 3x5x2x2? Explain. 

2. After several such illustrations, have pupils conclude 
that if we disregard order, a composite number can be 
factored into a product of prime numbers in only one 
way. (Unique Factorization Theorem) 

D. (optional) Tests for divisibility: by 3 | by 9 

1. Guide pupils to see that it is often possible to tell 
whether a number is a factor of another number without 
dividing the second number by the first* 
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a. Elicit that we can tell that a number is divisible by 

2 without dividing, if the final digit of the number is 

0, 2, k, 6, or 8. 

b. We can tell that a number is divisible by 5 without 
dividing, if the final digit of the number is 0 or 5. 

2. How can we tell whether a number is divisible by 3 vdthout 
dividing? 

a. Have pupils observe the pattern in the following table. 

Sum of Numbers 

Number Mained bv the Digits 



3 

6 

9 

12 

15 

18 

21 

24 

27 

30 

33 

36 



3 

6 

9 

l+2«3 

1 + 5=6 

1 + 8 =^ 

2+1=3 

2+4=6 

2+7=9 

3+0=3 

3+3=6 

3+6f9 



b. Elicit that the number in the first column is ^visible 
Ijy the number in the second column is divisible by 3* 



c. 



Have pupils try to find a number divisble by 3 in 

the sum of the numbers named by the digits is not divisible 

by 3* (They cannot.) 



d. Have pupils conclude that a number is divisible by 3^ iT 
and only if, the sum of the numbers named by the digits 

is divisible by 3« 



e. Which of the numbers named below are divisible by 3? 

1) 306 4) 9355 

2) 432 5) 204684 



3) 5616 



3# List the first twelve counting numbers \rtiich are divisible 
by 9 . 

a« Con9)ute the sum of the numbers named by the digits for 
each such number listed. 

Sum of Numbers 

SVSPer .. - Named by the Digits 

9 9 



18 


1+^ 


27 


247=9 


36 

• 


3+6f 9, and so on 







b. Are the sums divisible by 9? 

c« Can you find a number divisible by 9 in which the sum 
of the numbers named by the digits is not divisible 
by 9? 

d« Have pupils conclude that a number is divisible by 9> 
if and only the sum of the numbers named by the 
digits is divisible by 9* 

e. VIhich of the numbers named below are divisible by 9? 

1) 639 4) 20043 

2) 4788 5) 817263 

3) 51629 

II • Practice 

A. VIhich of the numbers named below have been completely factored? 
Explain. 

1. 24 = 2x12 3. 56 = 2x2x2x7 

2. 60 = 4x3x5 

B« Use factor trees to rename the following as products of 
prime numbers. 

1 . 36 4 . 120 

2. 42 5. 380 

3. 50 
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C. Find the set of prime 



fectors of each of these numbers# 



1. 22 

2. 27 

3. 40 



4. 130 

5. 630 



D. Completely factor each number named below. 



1. 54 

2. 96 

3. 390 



4. 480 

5. 2000 



E. Give the complete factorization In exponential form 



1 . 18 

2. 75 

3. 96 



4. 360 

5. 500 



F. The following are the complete factorization of some numbers 
in exponential fom. What are the numbers? 



1. 2® X 3 = ^ 

2. 3 X 2® = a 



3. 3® X 7 = Q 

4. 3® X 5® = O 



III, Summary 



A. What is meant by a prime factor of a number? 

B. How can you tell when a number has been factored completely? 

C. If order is disregarded, in how many ways can you name a 
number as a product of prime factors? 
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Lesson UU 



Topic: Greatest Common Factor 

Aijn: To develop an understanding of the meaning of the greatest 

common factor of two (or more) numbers* 

Specific Objectives: 

Meaning of common factor 
Finding the greatest common factor 
Relatively prime numbers 

Challenge: What is the set of all factors of 12? 

What is the set of all factors of 30? 

What is the intersection of these two sets? 

1* Procedure 

A* Meaning of common factor 
1* Elicit that: 

the set of all factors of 12 is {1^2,3^4^6,12}; 
the set of all factors of 30 is fl,2,3>5> 6,10,15^30}; 
{1,2,3,4,6,12} n {1,2,3,5,6,10,15,30}={!,2,3,6} 

2* What is the set of all common factors of 12 and 30? 
Elicit that the intersection of the set of all factors 
of 12 and the set of all factors of 30, is the set of 
all common factors of 12 and 30* 

3* Have pupi].s list the members of the following sets: 

a* the set of all factors of 16; of 24 

b* the set of all common factors of 16 and 24 

c* the intersection of the set of all factors of 16 
and the set of all factors of 24 

d* Elicit that sets described in b and c are the same* 

4* After several such. illustrations, have pupils conclude 
that the intersection of the set of all factors of one 
number and the set of all factors of a second number is 
the set of all common factors of the two numbers* 
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B* Finding the greatest common factor (G.C.F.) of two (or more) 
numbers* 



1, Consider the numbers 28 and 42. 

a* What is the set of factors of each of these numbers? 

1) The set of factors of 28 is fl,2,4^7^14i28]. 

2) The set of factors of 42 is 3^6,7^14^21,42). 
b. What is the intersection of these sets of factors? 

{1,2,4,7,14,281 n { 1 , 2 , 3 , 6,7,14,21,28H1^2,7,14) 

c* What is the greatest number in the intersection 
set? (14) 



d. Tell pupUs that we call 14 the greatest cciranon 
factor of 28 and 42* 

2. Have pupils find the greatest common factor of each pair 
of numbers named below* 

a. 6 and 8 b. 2k and 30 c. 30 and 75 d. 27 and 63 



3. 



Have pupils use prime factorization in finding the 
greatest common factor • 

a* Find the greatest common factor of 24 and 30. 



l) Have pupils eaqpress 24 as the product of prime 
fA<stors: 30 as the product of prime factors. 



24 = 2x2x2x3 



30 = 2x3x5 

2) What prime factors do these numbers have in 
common? (2 and 3) 

3) Elicit that the product of the common prto 
factors, 2x3, is the greatest common factor. 

Find the greatest common factor of 48 and 60. 



o 

ERIC 
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1 ) 48 * 2x2x2x2x3 
60 = 2x2x3x5 

2) Elicit that the product 2x2x3 ^ or 12, is the 
greatest common factor of 48 and 60* 

4* Have pupils use prime factorization to find the greatest 
common factor of the follov/ing pairs of numbers* 

a* 12 and 28 b. 10 and 35 c. 42 and 60 

C, Relatively prime numbers 

1* Have pupils find the greatest common factor of the 
follov/ing pairs of numbers: 

a. 3 and 4 b* 6 and 7 c. 9 and 13 d. 25 and 2? 

2. Elicit th'it in each case, the greatest common factor is 1* 

3# Tell pupils that when the greatest common factor of two 
numbers is 1, the numbers are said to b e relatively prime # 

« Practice 

A. List the members of the set of all factors of each number 
named below# 

1* 14; 42 2# 85 36 3* 27; 72 4. 35; 90 

B# List the members of the set of all common factors for each 
pair of numbers named in A# 

C# Let set A contain as members all the factors of 16; let 
set B contain as m^airibers all the factors of 24# 

1, Draw a Venn diagram for set A and set B* 

2# Does A U B or A n B contain only the common factors of 
16 and 24? 

D# Find the greatest common factor of each pair of numbers 
named below# 

1. 16 and 30 2. 8 and 11 3. 32 and 80 4# 15 and 22 

5# 38 and 57 

E. Which pairs of nuntoers in D are relatively prime? 
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III. Summary 

A. What is meant by a common factor of two numbers? 

B. How do you find the members of the set of all common factors 
of two numbers? 

C. What is meant by the greatest common factor of two numbers? 

D. When axe two numbers relatively prime? 

E. What new vocabulary have you learned today? (common factor, 
greatest common factor, relatively prime). 



CHAPPM V 



This chapter contains suggested procedures for helping pupils 
develop concepts ofr 

rational number 

other names for rational numbers 

the simplest name for a rational number 

rational numbers and the number line 

density and order in the set of rational numbers 

operations with rational numbers (multiplication and division) 

properties of operations vdth rational numbers 

At this stage in the pupil *s development of mathematical under- 
standing, we are concerned with only the non-negative rational numbers. 
In defining a rational number as the quotient of two whole numbers 
(excluding division by O), we are using a definition that will event- 
ually be extended to include the quotient of two integers with the 
second integer not 0, 

Throughout the chapter, emphasis is placed upon the principle 
that numbers have many names and the name we select at a certain time 
for a particular number is one that suits our purpose, Thus^ since a 
fraction is a name for a number, pupils are led to see that many 
fractions name the same rational number. The use of the number one 
and various names for one is stressed in relation to changing the 
names of numbers represented by fractions. 

The fact that every rational number is associated with a point 
on the number line is emphasized along with the exploration of con- 
cepts of order and density of the set of rational numbers. 

The operation of multiplication of numbers named by fractions 
is the easiest operation to perform over the set of rational numbers. 
Essentially, the operation is based on the definition of multiplica- 
tion, \diich states that to find the product of two given rational 
numbers, we multiply the numerators and write a numeral for this 
product over a numeral naming the product of the denominators. Hotw- 
ever, the ease with which multiplication of rational numbers can be 
performed is not the primary reason for presenting multiplication 
before addition (or subtraction). To add (or subtract) rational 
numbers, the terms of the fractions which name these numbers must often 
be changed. To change these terms it is necessary to know how to ‘ 
multiply rational numbers. 

Division of rational numbers is approached through illustrations 
that indicate dividing by a manber is the same as multiplying by its 
reciprocal, or multiplicative inverse. 






mm 



The lessons in this chapter (and in the next) provide for investi- 
gation by pupils of the structure of the set of rational numbers* They 
are guided to see that all the basic properties of operations vdth 
whole numbers appear to be maintained in the set of rationale* They 
find that the set of rational numbers is closed under division except 
for division by zero (whereas the set of viiole numbers is not closed 
under division). Indeed this need for a set of numbers in which 
division (except division by 0) is always possible paves the way for 
the construction of the set of rational nu^ers* 
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CHAPTER V 

RATIONAL NUMBERS (Multipl ication and Division ) 
Lessons 45 - 60 



Lesson 45 

Topic; Rational Numbers 

Aim; To understand "what is meant by a rational number 
Specific Objectives i 

To show the need for a new kind of number to make the division of 
any two whole mmibers possible^ except division by zero 
Meaning of rational number 

To develop the understanding that the set of whole numbers is a 
subset of the set of rational numbers 
To develop the following relationships between fractions and 
rational numbers; 

a* A fraction is one of the symbols used to name a rational 



b. Every rational number can be named by a fraction 
c* Many fractions name the same rational number 

Challenge; VJhich of the following two problems has no solution if we 



are permitted to use only whole numbers? 

Problem 1; Three boys earned $6 mowing lawns# How much 
did each boy receive if the money was shared equally? 

Problem 2; Three boys earned $5 mowing lawns# How much 
did each boy receive, if the money was shared equally? 



1* What is the solution to problem 1? ($2) What kind of 

number is 2? (vhole number) 

2# What is the solution to problem 2? (there is no solution 
if we are permitted to use only vdiole nunbers because 
5&3 is not a vhole nuiriber#) 



number 



I# Procedure 



.A# Need for a new kind of number 




J 
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3* Hav© pupils suggest additional math ©mat i cal situations 
which could not be described if only whole numbers were 
used, as, for example, 

a« the amount of candy we get when we share a candy bar 
with a friend 

b# a homework assignment that takes less than 1 hour s 
time 

c. the length of a line segment that is more than 2 
inches but less than 3 inches long# 

4. Have pupils realize that if only whole numbers were used 
there would be no result when we perform computations 
such as 3'^A- 5^3 • Slicit that a new kind of number is 

needed to esqjress many mathematical situations. 



B. Meaning of rational number 

1. Tell pupils that the numbers we obtain when we divide a 
whole number by a counting ntjmber are called rational 
numbers* 

2. Is a rational number? Why? 

Is ^ a rational number? Why? 

3* ELi.cit other examples of rational numbers. 

C. Set of whole numbers is a subset of the set of rational numbers 
1. Elicit that a whole number such as 5 can be expressed as: 



i 2:2 ^ , and so on. 

12 3 ' 

Why may we consider every whole number a rational number? 
(Any whole number can be expressed as the quotient of a 
whole nuiriber by a counting number#) 



2 . 



What are the two possibilities when we divide a whole 
number by a counting number? Elicit that the result may 

be a whole number, as, for exaiiple, | or 2; the result may 
be a fractional nuntoer, (other than a vdiole number}* 
such as ^ . 



3* Guide pupils to see that every whole number is a rational 
number, althou^ not every rational number is a whole 
niunber# 

4* Have pupils see that every member of the set of whole 
numbers is a member of the set of rational numbers* 
Therefore, the set of whole numbers is a subset of the 
set of rational numbers* 

D. Relationships between fractions and rational numbers 

1* A fraction is one of the symbols used to e^qpress a 
rational number* 

a* 



b. 



Have pupils recall that symbols like j ^ 3 ^ 2 

are called fractions. 

Consider the rational number obtained when 3 is divided 
by 2* Elicit that this number may be expressed as* 

¥ 1 4. w 



1 /Jhich of the above symbols is a fraction? 

c* After several such illustrations, elicit that a fraction 
is one of the symbols used to represent a rational nuniber* 



2* Every rational number can be named by a fraction* 

2 

a* Consider the rational number ^ J else can we 

represent this number? ( ^ ) 

b. Consider the rational number *?• How else can we 
represent this number? ( 



e* Have pupils conclude that because of the meaning of 
rational nuniber every rational number c^ be named by 
a fraction* 



d* Have pupils realize that we may say that rational 
numbers are numbers which have fractions as names* 
However, not aU rational numbers need be named by 
fractions* 
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3. Hany fractions name the same 1 ,-ational nnmber. 

a. Consider the rational number § . What other fractions 

can be used to name | ’ ( f ) 

b. Same several fractions that syntoolize zero. 

( 2, 2 ., etc.) 

' 1 2 3 

c. Is 2 i the symbol for a rational nuntoer? Which one? 

Ust several other names for this rational number. 

d. mcit that many fractions name the same rational 
nuniber* 

II. Practice 

X. Write 3 -f 8 in fractional form. 

B. Write three names for using fractions. 

c. Write tva. other names for each of the following rational 

numbers: 

1. ^ (Answer: 



2 . 

3. 

4* 

5. 

6 , 



1 

2 

k 

5 






D. Which of the following do not represent rational numbers? 

1 
0 



T 2 

1 . 5 



4. i 



2 — 

8 

3. 

1076 



5 . 0 

6. 3 I 



(this does not because 
0 is not a counting 
number) 



E. Give three other names for the rational nuntoer named by 1 



VO|N) 



F* Show that »5 names a rational number# 

G. Mark each statement true (T) or False (f). 

1# Every whole number is a rational number# 

2# Every rational number is a whole number# 

3» Decimal fractions represent rational numbers# 

4. The set of counting numbers is a subset of the set of 
rational nunibers# 

H# Make a Venn diagram to show that the set of vdiole numbers is 
a subset of the set of rational numbers# 

III# Summary 

A# V;hat is a rational number? 

B, Vfliy do we need rational numbers? 

C# Vi/hy is the set of whole numbers a subset of the set of 
rational numbers? 

D# How many fractions name each rational number? 

E# Iflrnt new vocabulary have we learned today? (rational niunber) 



o 



>16B— 



Lesson Uh 

Topic: Rational Numbers 

Atos To leam to compute the product of two (or more) rational 
numbers 

Specific Objectives; 

SS 

commutativity; associativity 

Challenge; Show how each of the following can be estpres^ed as 
repeated addition* 



1. 2x3 



2. 4 X I 



o i X — 

2 4 



I, Procedure 

A. The need for a method of multiplzring rational numbers 

1 . In examples 1 and 2 above, we can interpret multiplica- 
tion as adding equal addends; 

2 X 3 == 3 + 3 
4x|=|+|+|+2 

example 3s ^ x ^ 

2 Therefore, we need a meaning of 

Splf toill cases of multipUcation with rational 

numbers* (challenge) 

B. Confuting the product of rational numbers* 

, , 2 it 9 

1 . Irfhat is meant by ^ x 5 i 

. Discuss the. fact , that we would like the asso^ative 
Srty of multiplication to hold for the multiplica- 

tion of rational numbers# 
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b# Consider 15x(^x^). 



If the associative property for multiplication is to 
hold^ then 



15 X ( I X ^ ) = (15 X I ) X I 



= 10 X 4 (Why?) 



= 8 (Why?) 

Then 15 x (fx4) = 8 
3 5 

In order for this to be true, ^ x ^ must be equal to 

JL « That is, 

15 

2 y 

3 5 3 x 5 15 

2« After several such illustrations have pupils see the 
justification in tenns of basic properties for the rule 
for multiplying rational numbers as they did the fractional 
numbers of arithmetic. 

3, If necessary, this procedure for computing the product of 
two rational numbers can be made to appear reasonable 
(that is, in agreement with the physical world) by thinking 

of 1 X 1 as i divided into two equal parts and taking one_ 

2 4 4 

of these equal parts. 

Have pupils use diagrams to illustrate the following cases 
of multiplication of rational numbers. 






b. 



c. 



1 

5 




















i 

2^ k 



1 

8 



3 

4 















] 


L 1 



2 

5 



2 ^ 2=4 

5 5"^ 
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Have pupils practice computing 
numbers. 


a £ y i 

*•5 2 




,22 
b. ^ X 


d, 4 y 1 



d, 4 X ^ (4 can be expressed as 



5. Extend the rule for computing the product of rational 
numbers to include more than two rational numbers# 



i viy 

3 ' 5 



2 1 y 1 X 2 ^ 2_ 

7 3x5x7 105 



Properties of Multiplication of Rational Numbers 



1# Closure 



a. If we multiply rational numbers as we do fractional 
numbers, will the product always be a rational n^ber. 
(Is the set of rational numbers closed under multi- 
plication?) 

l) Have the pupils compute the products of the follow- 
ing rational numbers to see whether the products 
are rational numbers; 




1 X i 

2 3 



Is each of the products a rational n\nriber? Miy? 

2) Test other cases by having the pupils suggest^ 
which rational numbers to multiply. Have pupils 
try to find a coimter-example# 



b# 



VJhy can we assume that the product of two rational 
nunbers will be a rational number? (We haven*t been 
able to find a counter-example) 



c* 



(Optional) Have pupils see that the rule for coraput^ 
the product of rational numbers insures that the product 
is a rational number. 



The product of. the two numerators must be a whole 
number (l»^y?) 



1 ) 



2) The product of the two denominators must be a 
counting nixmber (VJhy?) 

3) The product is a rational number (Why?) 



2« Commutativity 



a* 



Is multiplication of rational numbers commutative? 

For’ example, does §x§? 

3 5.5 3 



1 ) 



2 V 2 ^ 2x2 = 4 

3, 5 3x5 15 



2.. 2 = 2x2 = 4 

^ 5 ^ 3 TTs l5 

3) Therefore, I X f = f x f 



b* After several such illustrations, have pupils conclude 
that multiplication of rational numbers is commutative. 

c. (Optional) Try to establish the generalization from 
commutativity of multiplication of whole numbers. 



Thus, ^ X 



5 3x5 5x3 




2 

3 



3» Associativity 

a. Is multiplication of rational numbers associative? 
For example, 

does (i*|) xi-ix(ixi)? 



1) (|xi)xi = |xi = ^ 

2) I X X 2 “ 24 

3) Therefore,(i x j)x ^ ^ x x ^) 



b. After several such illustrations, have pupils conclude 
that the multiplication of rational numbers is 
associative* 

c. (Optional) Try to establish the generalization from 
associativity of multiplication of whole numbers. 

II, Practice 

A, Compute the products: 

1 . |xi 2. |x| 3.5X I 4. 

B, Compute the products: 

Show that (“ X X ^ X X 

D, What number would you use for the frame that will make each 
sentence true? 

I ^ 7^ X X ^ 

2. nx| = | x3 

E, A jar of milk contains ^ of a quart. If | of the milk in the 
jar is used, \diat fractional part of a quart is used? 

F, Of all the students in a certain school ^ study foreign 
languages; of this number | study Italian. What fractional 
part of the students at this school study Italian? 



Ill, Summary 

A. How does the multiplication of rational numbers compare rath 
the multiplication of the fractional numbers of arithmetic. 



B. Illustrate the associative and commutative properties of 
multiplication with rational numbers, 

C. What do we mean when we say the set of rational numbers is 
closed under multiplication? 
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Lessons 47 and 48 



Topic: Rational Niambers 

Aim: To eaqjress rational numbers in ’’simplest” form 

Specific Objectives: 



The identity element for multiplication of rational numbers 
(multiplicative identity) 

Using the multiplicative identity to write different names 
for the same number 

The ’’simplest” name for a rational number 

How to esqpress rational numbers in simplest form 



Challenge: 



Vliat is the simplest name 



for 



79 X 3 
79 X 7 



!• Procedure 

A* The identity element for multiplication of rational numbers 

1, Have pupils recall that the number one is the Identity 
element for multiplication of whole numbers, 

lx3=3xl=3 

2 , Is there an identity element for multiplication of 
rational numbers? 

a* ^ statement? 

2 2 2 

b* Islx“ = rxl = ‘T a true statement? 

3 3 3 

3, After several such illustrations, elicit that the identity 
element for multiplication of rational numbers is one, 

B# Using the multiplicative identity to write different names for 
the same number 

1« VJhat are some names for the number one? 

T 2 3 4 Q ^ 

l=s — = and so on 

2 3 D 8 

2, Have pupils consider: 
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- 2 1 
2x2 




a. How did we rename one? 

b. Rename | in three ways using ^ | °“® 



? After several such illustrations, elicit that to fwd pother 
^e for some rational number, we multiply the ratxo^ 
number by one. We use idiiohever name for one we need. 

2 or ^ or it or ^ • and so forth, 

13 4 5 

U. Rename each of the following in three ways using |, | and ^ 

as names for one# 



4 



n 1 d S 2 

8 • 



5. Elicit that m^iltiplying a rational number by one may change 
its name^ but not the number itself# 



C# The ’’simplest” name for a rational number 



1. Consider yr- 



a« 



b. 



.at are other names for this rational number? 

• •+ +v,«+ i etc. are all names for the 

.icit that j*, . > op^ 



12 

rational number 

In v/nich name do we find a numerator and denominatv>r 
with no common factor other than 1 ? ( 4 ) 



Tell pupils that the fraction in vdiich the numerator 
I-d dLLiinator are relatively prime is called the 
simplest name of the rational number# 
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2. VJhich of the following are the simplest names for rational 
numbers? Explain. 



a. ^ b. 



^ I e, 3^ f. I 



79 y 3 

3, What is the simplest name for ^ ij? (thallenge) 



7? X 1 

79 V 7 



22x.^ 

79 7 

X X ^ 



^ is the 3iji®>lest name for 7? ^ Why? 

D, How to express rational numbers in simplest form 
1, Consider ^ • 

How can we use the multiplicative identity to express this 
rational number in simplest form? 



= 

48 



2 x 15 

2 X 24 



b. 



2 24 

= lxi^ 

=s Xs this in its simplest form? Es^lain. 
24 

3 x1 
24 3 x8 

= ^ x-^ 

3 8 

* ixi 

= 1 Is this in its sinqplest form? Explain. 
8 
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30 ^ 

c# Therefore, the sinqplest form of ^ is ^ 



2* Have pupils practice expressing rational numbers in 
simplest form# 

3. Pose question; Is there a shorter method oiC finding the 
simplest name for a rational number, as, for example, the 

rational number ^ ? 



a# What is the greatest common factor of 30 and 48? 

1) 30 2 X 3 y 5 

2) 48 = 2x2x2x2x3 

3) The greatest common factor of 30 and is 
2 X 3, or 6 



b# Usinn the greatest common factor, rename 30 as 5 X 6 
and 48 as 12 X 8# Then ^ can be renamed as folloifis 

48 8 X S 



= i y 6 

= 1x1 



= i 
8 



II# Practice 

A# Write three other names for (e.g# ^> 35^ 3^* 

# TO 

simplest name for ^ ? 

B* Are ^ and ^ names for the same rational number? Explain# 

24 54 

C, In each row, encircle the numeral that is not a name for the 
same rational number* 

1. 1, 16, 

2 32 66 162 



•m 



er|c 



... a. ■■ I. - ■ '> 



• • 



5 10 16 i20 

o •— 

• 8 16 24 32 
IK ki Jl,3 k 

8 iSo 12 



D« Find the greatest common factor of the numerator and denominator 
in each case and then find the sinq^lest name for each rational 
number* 



1 . 



16 

46 



2 . % 3 . ^ 

36 96 




5. 



Ik 

96 



E« Are the numerators and denominators of each of the following 
relatively prime? Explain* 



1 . 



k 



7 






5. 



28 

140 



F. Find the simplest form of those rational numbers in E vrtiich 
are not already in simplest form* 



III* Summary 

A* What is the identity element for multiplication of rational 
numbers? 

B* The number one has many names* How does this help us to write 
other names for a rational number? 

C* Two boys measured a line segment* One said the measure of the 
segment in inches is The other said it is iS. Are both 
correct? Why? ^ 16 

D* What is meant by the simplest name for a rational number? 

E* How do we use the greatest common factor of the nuir,erator 

and denominator of a rational number to e^qjress the number in 
simplest form? 

F* What new vocabulary have you learned today? (sinqjlest name 
of a rational number, multiplicative identity) 
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Lessons 49 and 5Q_ 

Topici Multiples of Numbers 

Aim; To develop the concept of multiple, comnon multiple, and least 
coimnon miAtiple 



Specific Objectives: 



Meaning of multiple 
Meaning of common multiple 
Obtaining common multiples 
Obtaining the least common 
tion 



multiple by inspection; by prime factoriza- 



Note to Teacher! 



3v the multiplicative property of zero, (axo=oxa«o 
Cor all numbers), zero is a multiple of every^v^ole 
lumber. Zero as a common multiple is of l^^ea 
value. VJe will use as the least common multiple of 
two (or more) numbers, the smallest non-zero whole 
number which is a common multiple of the numbers 
onnsi dered- 



Challenge: 



Some multiples of 10 are: 10, 20, 30, 40, 50 
Name the next three multiples of 10 m order. 



I, Procedure 



A. Meaning of multiple 

1, Multiply 2 by: 1, 2, 4> 5> 6, 12, 13> 15 

Tell pupils that the products 2, 4, 6, 8, 10, 12, 24, 26, 30 
are called multiples of 2. 

2. Multiply 3 by: 1, 2, 3> 4> 5> 7> 9> 12 

Tell pupils that the products 3 , 6, 9 , 12, 15> 21, 27, 36 
are called multiples of 3» 

3. Multiply 5 by: 1, 2, 3, 4, 6, 10, 14 

TeU pupils that the products 5, 10, 15, 20, 30, 50, 70 are 
called multiples of 5* 

4, VJhat factor do the multiples of 2 have in oomroon? The 
multiples of 3? Th® niultiples of 5- 



Elicit that a multiple of a number has that number as a 
factor. We may also say that a multiple of a nuinber is 

divisible by the number# 
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5* RetUiH to challenge! Why are 60, 70> ^0 multiples of 10? 

6# List ten multiples of 4; of 7> of 9# 

Meaning of coimnon multiple 

1* List the multiples of 2 from 1 to 20* 

2, 4, 6, 8, 10, 12, 14, 16, 18, 20 
2* List the multiples of 3 from 1 to 20, 

3, 6, 9, 12, 15, IS 

3# What multiples in the above lists do the numbers 2 and 3 
have in common? (6, 12, 18) 

Is 6 divisible by 2? by 3? 

Is 12 divisible by 2? by 3? 

Is 18 divisible by 2? by 3? 

4« VJhat is the set of sQ.1 the multiples of 2? 

A “ f2, 4, 6, 8, 10, 12, 14, l6, 18, ,,,3 

5. VJhat is the set of all the multiples of 3? 

B “ f3, 6, 9, 12, 15, IS •••3 

6* liJhat is the intersection set of sets A and B? 

A n B = [6, 12, 18, •,*] 

7, Elicit that the set A fl B is the set of common 
multiples of 2 and 3# 

Obtaining common multiples 

1* How can we find the common multiples of two numbers, 
such as 3 and 5? 

Elicit that we can list the members of the set of multiples 
of 3, and the members of the set of multiples of 5# We 
would then determine the set of coimnon multiples by 
infection# (See B 4-7) 

2* How can we obtain a common multiple of 3 and 5 without 
listing multiples of each number and inspecting them? 
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inicit that the product of 3 't'hat is, 15, is a cowuon 

ff f and 5. VJhy? (15 has both 3 and 5 ae factors 

and is, therefore, a miltiple of each; 

3. List the members of the set of common multiples less than 
100 for each of the foll.ovdng pairs of numbers. 

a. 10. 15 h. 12, 16 c. 10, 11 ’ d. 16» 2° 



D. Firiding.the least common imiltiple 

1. How can we find the least common multiple of two numbers, 
such as 6 and 9? 

a. I'^at is the set of all multiples of 6? 



A = {6, 12, 18, 24, 30, 36, •••} 

b. VJhat is the set of all multiples of 9? 

B = f9, 18, 27, 36, 45, ..•] 

c. "^hat is the intersection of these sets? 

A n 3 = fl8, 36, ••• } 

d. What is the least number in the intersection set? (18) 

Therefore, 18 is the least common multiple of 6 and 9. 
We have found it by inspection. 



2. Use sijcilar procedures to have pupils find the least common 
multiple of 3 and 7 • 

a. The intersection set of multiples of 3 and 7 is 

b. Vteit is the least number in the intersection set? 

( 21 ) 



Therefore 21 is the least common multiple of 3 and 7. 

3 Elicit that we can find the least eo™®" 

S Sre nunbers by finding the least nunber in. the inter- 

section set. 



4. 



VJe know how to find the least common multiple of 6 and 9 
by inspection. Is there another method. 
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a. Factor 6 completely; 6 = 2 v 3 
Factor 9 completely: 9 = 3x3 

b# Elicit that the least common multiple of 6 and 9 (or any 
multiple of 6 and 9) must be divisible by 6^ or 2 x 3^ 
and by 9^ or 3 X 3. 

c« To be divisible by 2 x 3j a number must have the factors 
2 and 3« To be divisible by 3 x 3> a number must have 
the factors 3 and 3« The number 2 y 3 x 3> or 18, has 
such factors, (Since 3 already appears as a factor of 

6, we need include it only once more as a factor of 9.) 

d. Is 18 a multiple of 6? of 9? Elicit that 18 is a 
common multiple of 6 and 9. 

e. Is 18 the least common multiple of 6 and 9? VJhy? (18 
is the least counting number divisible by both 6 and 9), 

5. What is the least common multiple of 12, 14, and 15? 

a. Factor 12 completely: 12 = 2® y 3 

Factor 14 completely: 14 = 2 x 7 

Factor 15 completely: 15 = 3 X 5 

b. Which factors must the least. common multiple of 12, 14, 
and 15 contain? 

1) To be divisible by 2^ x 3> the least common multiple 
must have the factors ^ and 3, 

2) To be divisible by 2 x 7> the least common multiple, 

must have the factors 2 and 7, The number x 3 x 7 

has these factors. (Why do we not include 2 as a 

factor again?) 

3) To be divisible by 3x5, the least common multiple 

must have the factors 3 and 5. The number 2® x 3 x 5 x 7 

has these factors. (\-Jhy do we not include 3 as a 

factor twice?) 

c. Thus, 2® X 3 X 5 X 7i or 420, is the least number 
divisible by 12, by 14, and by 15. 

d. Have pupils check to see that this is so. 

Practice 

A. List the members of the set of multiples less than 50 for each 
of the following numbers. 
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1. 4 2. 6 3. s 4. 9 

List the members of the set of common multiples less than 
100 for each of the following pairs of numbers. 

1 . 4 , 6 2 . 6 , 9 9 > 16 4 . 10 , 11 

C. For each pair of numbers in B, find the least common multiple# 

D. For each of the folloi^lng sets of numbers, find the least 
common multiple of the numbers in that set# 

1. f4, 121 2. {25, 35t 3. fS, 12, 151 ^^1 

III. Summary 

A# How do we obtain a multiple of a number? 

B# VJhat is meant by a common multiple of two numbers? 

C# 1/Jhat is meant by the least common multiple of two (or more) 
numbers? 

D# How can we obtain the least common multiple of two (or more) 
nunbers? 

E# How do you find the least common multiple of two different 
primes? (Find their product#) 

F# Miy is the least common multiple of two even numbers not 
their product? (2 is a common factor of the numbers#; 

G# What new vocabulary have you learned today? (multiple, 
common multiple, least common multiple) 
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Lessons 51 and 52 



Topic: Rational Numbers 

Aim: To compare two rational numbers 

Specific Objectives: 



To review the meaning of the inequality symbols: ” > »' and '• < 
To review how fractional numbers with like denominators can be 
compared. 

To compare rational numbers with unlike denominators, 

2 5 

Challenge: liJhich is greater, 3 or ^ ? 

1 , Procedure 



A, Inequality symbols and ” < 



1, Review meaning of the following symbols of inequality: 

> "is greater than" 

< "is less than" 

2, Write in symbols: 

Seventeen is greater than twelve, (l? > 12) 

Five is less than eight, (5 < S) 

Bight-tenths is greater than two-thirds. 

One and one-half is less than tvro, 

3* What is the meaning of each of the follovdng? 

a, 9 > 6 b, 10 > c, ,3 < #7 d, 1,4 > 1 

2 

4* In each of the following, place a symbol, " > " or 
" < ", between each pair of numerals so that a true 
statement results, 

a. 8 1 b. 4 7 c. 3 I __ 5 d. 2.5 _ 1.3 

^ 

B, Comparing fractional niunbers with like denominators 



1, IVhich of the follovang fractions represents the rational 
number of least value? 



1 

8 



111 



BBS 



a. Have pupils recall that the denqminatoi? of a fraction tells 
us the number of parts of equal size into which a unit or 
set has been divided. 
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b. 



c# 



The numerator of a fraction indicates the nurnber of 
these parts vdth which we are concerned. 



VJhy can ^ be compared? 

8080 

of eighths.) 



(Each indicates a number 



VJhy is i the fraction that represents the least value. 
&> 

(It stands for the smallest number of eigliths.; 



2. Elicit that if two fractional n'tmbers have the same 
denominator, the fractional number iri.th the lesser 
numerator is less than the fractional number with the 
greater numerator. 



3. 



Which of these statements are true? Explain. 



^<1 

3 3 




c. 



l<ll 

k 4 



d. 



7 7 



C. Comparing rational numbers with unlike denominators 

1. Refer to challenge. Which is greater, | or | ? 

Elicit that is is difficult to compare the values 
represented by these fractions since the denominators 
are unlike. If, however, we can rename £ and and 

3 8 

express them as fractions with like denominators, we would 
then have only to compare the numerators. 

2. How can vre rename ^ and ^ as fractions with like denominators? 

30 



a. Have pupil.s use the multiplicative identity and write 
names for 2, and 1 until they find names with a common 
3 8 
denominator. 



S X 1 = 1 



2 ^2 ^ 2 ^^ 
3 2 3x2 

2 v2=^ = 

3 3 3x3 



6 

9 






2 ^ 

3 x 5 

2x6 



2 „l = a<z 

3 7 3x7 



10 

15 

12 

18 

Ik 

21 






X 2 



8 

10 

IS 



1X3 2 l^ 









b. Elicit that ^ is another name for f , and ^ another 

24 j } 

name for VJhy can the fractions now be compared? 

8 

( and have a common denominator*) 

Zh 2k 

16 15 4 .U 4 . 2 ^ 5 

Since — ^ we can now say that ~ ^ • 

Zk 2k 38 

3, VJhat is another way of renaming — and ^ so that they have 

38 

a common denominator? 

2 ^ 

a« VJhat are the denominators of — and ^ ? (3 and 8 ) 

3 o 

b. Elicit that a common denominator must be a multiple 
of 3 and of 8 . 

1 ) What is the least common multiple of the denominators 
of j and ^ ? ( 24 ) 

2 ) Eoq)ress " and ^ as fractions with the common de- 

J 8 



nominator, 24 • 

^Xl-^ 

3 3 

2 y 8 = 2x8 

3 8 3 x8 

2 == 16 

3 24 



8 ^ ^ 8 
i X i 

8 3 ^ S X 3 

8 24 



c* Elicit that since the fractions nov/ have a common denoirw 
inator, it is possible ,to compare them. Since 

II > II ^ we can say that | > | • 



4« Have pupils generalise: If two fractions have unlike denom- 

inators, the fractional numbers they r^resent can be conpared 
by expressing them as fractions with a common denominator. 

II. Practice 

A. Circle the fraction in each pair that represents the greater 
value: 
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7 7 


3. 


±, 22- 
32 32 


8 6 
15^ 15 




8 , 11 


Hr^ 


17 17 



B. Find a co»on denominator for each of the follovdng pairs of 
f racuions : 



1 . 1 and i 


3. |and| 


2. iand| 


3 2 
4. ^ and - 


Which of these statements 


are true? 




15 4 


Use the symbols " > ”, ” 
following so that a true 


4. 2>k 

6 5 

11 ^ II = to complete each of 1 

statement result s • 


1 1 1 (1<1) 

4 9 ^4 r 




o 11 i 
• 15—^ 


C 2 2 

5- 5 — Z 


i §5 


f, k i 

^'3 — 6 


VJhioh of the following fractions represents the greatest 
value? 


Wiich of the follovdng fractions names the least number? 


1 i 2 ^ 

^•8 * 5 


3 26 
40 



Ga Vvhich of these statements are true? 



H. 



1 

3 

1 

’B 



you observe, tell how you can compare rational numberj 
have the same numerator • 



<i 


3 2 

3. rj 


<2 


5. 




2 


5 


9 7 




4. -2 

10 


< 1 
5 


6. 


11 ^ 11 

~ T 


the 


numerators 


in the 


statements in 



v^ich 



III. Summary 



A. What symbols of inequality have we reviewed today? 

B. How can rational numbers with like denominators be compared? 

C. How can rational numbers with unlike denominators be compared? 

D« Explain how you would express rational numbers vdth unlike 
denominators as fractions with the same denominator. 



Lessons 53 and 54 

Topic: Rational Numbers and the Number Line 

Aim: To develop an understanding of how rational numbers are associated 

with points on the number line 



Specific Objectives: 

Visualizing the rational numbers as points on a line 
Order and the number line 

The Density Property of the set of rational numbers 
Challenge: How many rational numbers are there between 0 and 1? 

I. Procedure 

A* The rational numbers on the number line 

1. Have pupils recall that the whole numbers are associated 
with some points on the number line. 

2. Have than see that between any two points associated 
with two consecutive whole numbers^ say 0 and 1^ there 
are many more points on the number line. 

a. Xiftiat number would you use to mark a point half-way 
between 0 and 1? Two-thirds of the way between 

0 and 1? 

b. Locate points on the number line which are associated 
with rational numbers between 0 and 1 as in the 
following diagram. 



* i t -I I LJ-L 

112 1 1^2 

S *5 8 2 834 



1 



3. Have pupils repeat this procedure with other intervals on 
the number line, say, the interval between 1 and 2, 2 and 

3s etc. 






-L 

1 




_J 1 * — > 

3 8 
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4# Have pupils realize that certain points on the number 
line are associated ’;ith rational numbers* 

5* Have them consicer the point on the number line associated 
•'-'dU; the rational number ^ , TJhere is it located? 






0 



X 

1 

2 



J > 

1 



"Jhere is the location of the point associated idth 




• • # 



b, 31icit that since the numerals £,2..2. ,,, are names 

2 4 6 

for the number ~ , each is associated vdth the same 
point on the number line. 



6, VJhere is the location of the point associated vdth 

If 4, ^9 fy • • • ? ^'ith T^at point on the number line is 
<- j h 

each of these associated? 



B, Order and the number line 

1, /elicit that given two different ratio»ial mmibers the first 
is greater than the second or less than the second* This 
is called the property of order of the set of rational 
n’.AJTibers * 

2* Arrange tlie mimbers i, ^ ^ 2^ A in order from least 

to greatest, 

3. How do v;e show the ordering of the set of rational numbers 
ivVien we assign rational numbers to points on the nijmber line? 

a* Have pupils consider the points on the niiiriber line 
associated with the rational numbers 1 ^ and 1 ^ • 
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4. 



b* \Jhich is the (greater of the tv/o numbers? (l ^ > 1 

c, Hoi.r is the point associated -dth 1 ^ located vdth 

respect to the point associated ^dth 1 |? (The point 
associated \d.th 1 ^ is to the riftht of the point 

associated \vith 1 iO 

2 

After several such illustrations, elicit that given t^rjo 
different rational numbers, the greater m^'nber is ^ 

associated with a point viiich is to the right of the point 
associated with the lesser number* 



C. Density of the set of rational numbers 

1* Is there a wliole number greater than 0 and less tlmn 2? 
Name it* (l) ^ between 0 and 2*; 

2* Is there a whole nurriber greater than 0 and less than 1? 
(There is no ■\^fnole mmiber between 0 and 1*; 

Elicit that between any two vdiole numbers there is not 
always another whole number* 

3, Is there a rational number greater than 0 and less than. 

1? Name several such numbers* 

(|’ 1> I I’ u’ 

L Consider the rational number i , Elicit that *5 is between 

11 

0 and 1 because 0 < 2 2 



a* Is there a rational number between i and 1? Orie such 
number is the number half-way between i and 1* It can 

be found by taking the average of the t|wo numbers* 

(i + l)4.2=^ rational number 

between ^ and 1* 



b* 



Is there a rational nurriber between ^ and 1? One such 

3 

number is the number half-way between ^ and 1* 
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1*1). a-2 i is a rational nuiriber between 




4 



5# After several such illustrations, have pupils realize that 
between any two rational numbers thei'e is another rational 
number, 

6, Refer to challenge. How many rational numbers are there 
between 0 and 1? Elicit that since between any two 
rational numbers there is another rational number, then 
between any two rational numbers there exists an infinite 
number of rational numbers, 

7, Tell pupils that this property of rational numbers is 
called density , We say that the set of rational numbers 
is a dense set, because between any two rational numbers 
there are infinitely many such rational numbers. 

Note: Although we associate every rational number with a 

point on the number line, we have not accounted for every 
point on the number line, as pupils will learn in a future 
grade, 

S, Is the set of vAiole numbers a dense set? VJhy not? 

II, Practice 

A, Draw a picture of a part of a number line between 0 and 2 and 

mark on it the points corresponding to the following numbers. 



B, Refer to the number line in A and tell vdiich number in each 
pair is the greater. 




4. 21 

16 





!• ^ and — 2, 1 ^ and 1 ^ 

8 3 2 5 




C, Give a rational nujnber between 

1, 1 and 2 Solution: 1 2 or 1,3 

2, 3 and 4 

3, l^andi| 
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1 1 

4, 2 g and 3 

1 1 

5* g and 2 

in* Summary 

A* v^at can you say about a point associated withs 
3, 6^ iS-, ... ? SbqDlain. 

2 3 4 

B* Given two different rational numbers of which the first is 
greater than the second* V/hat can you s ay about the point 
on the number line corresponding to the second number? 

(It is to the left of the point for the first number.) 

C* If we agree that vrith every rational nuniber we can associate 
a point on the number line, how many points are there between 
0 and 1 on the number line? 

D* ’vJhat new vocabulary have you learned today? (order, density) 
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Lesson 55 



Topic: l‘!ultipli cation of Rational Numbers 

Aim: To ’"ultiply rational numbers expressed in mixed fractional form 

(mixed numerals)* 

Specific Objectives: 

To reviev/ the multiplicative property of 1* 

To review renaming a number expressed in mixed fractional form, 
as an iiitp roper fraction. 

To multiply rational numbers expressed in mixed fractional form. 

2 

Challenge: A candy recipe calls for 2 j cups of sugar. How much sugar 

is needed to make twice as much candy? 



I, Procedure 

A. Review the multiplicative property of one. 

1, What is the product of 1 and any rational number? 
(the number) 

2. What are some names for the identity element of 
multiplication? 

smd so on 

2 4 



B. Renaming a number expressed in mixed fractional form, as an 
improper fraction. 

2 

1 . Have pupils recall that a number such as 2 ^ can be 

2 

eijqDressed as 2 + — , 

2 2 — = 2 + — 

2. 2 ^ 2 -t- ^ 

= (2 X l) + j 

= (2x Why was ^ chosen as another name for 1? 

333 

3 3 

^ S 
" 3 



Thus j is another name for 2 ^ • 






3* Have pupils practice renaming numbers expressed in mixed 
fractional form, as improper fractions c 

a. In each of the following, replace the frames. 



c. Express the following rational numbers as mixed numerals: 



C, Multiplication of rational numbers expressed in mixed fractional 
form 

1, Refer to challenge. 

To solve the problem it is necessary to conpute the 
following: 




= (4 X 1 ) + 1 




= (3 X l) + j 





= 2 + 2 
3 3 

3 




” 8 



8 3 



In each case, ejqplain why the particular form of 1 
was used. 



b. Express the following rational numbers as improper 
fractions : 








2 X 2| = 2 X I 



2^8 

"13 



2x8 _ 16 

= 1x3 T 



can be expressed as 5 i , 



3 " 3 ' 

We will need 5 ^ cups of sugar. 
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2, Consider; 3 






h" ~ 2 

Have pupils perform the computation as follows: 

3 ^ X 2 ~ ~ X ^ 

^ 4 2 4 2 

8 

3 9 ^ 

8 

3, Consider: 4 X 1 i 

Have pupils perform the computation as follows: 

4|xli= Mxl 

3 4 3 4 

^ 14 X 5 
3x4 

= 22 
12 

* 5 12 Is 12 in simplest form? 

12 12 






4« After several simdlar examples, elicit that to multiply 
rational mambers expressed as mixed numerals, we first 
rename the number as an improper fraction, and then we 
mltiply# 

II. Practice 

A. Replace the frames to make the resulting statements true: 



1 . 






□ 



2 3 * — 

• ^ 6 



3. 3»n 

k. 2 1 = n + 1 

8 8 



5. 3 = ? 

6. 12-a + i 

4 4 

7. ^ = 2 + □ 

8. 2Z . , n 

8 2 
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kE 



ERIC 
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B* Rename the follo^^ing as mixed fractions: 

^ f 3. i ¥ 



1 

T 



C. rf\iltiply as indicated: 



1# 5x6^ 



2. 3|X2| 



^ llx 3^ 
3. 8 ^ 3 



4. 2ix3i 



D. Hary brought home 2 i dozen seashells after a visit to the shore. 



If she gave i of her shells to the class shell collection, how 

3 

many dozen shells did she contribute. 



B. One and one-quarter feet of wood are needed to “flj® 

taok-ends. How many feet of wood are needed so that each of 

5 boys can make a pair of book-ends? 



F. Consult suitable textbooks for additional practice material. 



III. Summary 



A. How many different names are there for t^e ^tiplicative 
identity 1? (an infinite number, e.g<,, y 



n Wfwj ran vou decide which of these names for the multiplicative 
* identity^to use when you are renaming a rational number expressed 

as a mixed numeral? 



c. What procedure would you use to multiplying rational numbers 
expressed as mixed numerals? 



- 197 - 



iltttlili 






Lessons 56 and 57 



Topic: Mxiitiplication of Rational Numbers 

Aim: To use the multiplicative identity to simplify finding the 

product of two (or more) rational numbers 



Specific Objectives: 



To use the multiplicative identity to shorten our work in multi- 
plying rational numbers 

To use the concept of greatest common factor to simplify computa- 
tion in the multiplication of rationale 



Challenge: A boy walks at the rate of 2 ^ miles per hours. At this 

rate, how far will he walk in 1 4 hours? 

2 



I. Procedure 

A. Using the multiplicative identity 

1. Refer to challenge. Guide pupils to see that to solve the 
problem we perform the following computation. 

a, 1 ^x2^ = ^x 2 (^is another name for 1 etc.) 

« (Multiplication of rational numbers) 

21 

= -r- Is this in simplest form? Explain. 



21 



b. Since is not in simplest form, vie continue as follows: 



T “ 2^ (Factoring) 

s ^ ^ (Commutative property of multiplication) 

3x2 

3 7 

*3^2 rational numbers) 

** 1 X 2 is another name for 1) 

7 1 

* 2 or 3f (Multiplicative identity) 
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c. Elicit that the computation may be simplified if ve use 
the multiplicative identity before compute the 
products of numerators and denominators# We would 
accordingly proceed as follows: 

1 * y 2 i * 2 V 2 (.2 is another name for 1 i,etc.) 

**■2^ 32 3 2 2' 

» 3x7 (Multiplication of rational numbers) 

2x3 

. 2 y_2 (Commutative property of multiplication) 
3 X 2 



*2x2 (Multiplication of rational numbers) 
3 2 

s 1 X 2 (2 is another name for 1 ) 



« 2, or 3 i (Multiplicative identity) 

2 2 

Is 2 simplest fom of the product? Explain. 

Note: Pupils should be able to justify each step, but need not 

record the justification as they compute. After pupils develop 
understanding, a shortened form of computation may be used. 



2. Have pupils compute and express in simplest form several 
products such as the following: 

a. I X I c. 4 X 1 1 

b. I X I <1. 5 3 X 2 ^ 

3. Sometimes the use of the multiplicative identity in finding 

the simplest form of a product is not obvious. Let »s see 
how we can use the multiplicative identity in the following 
examples: (Justify each step by giving a reason.) 

a. Compute the following product and express in simplest 
form. 



5 3. 5 x 3 (Definition of multiplication of 

6^8 6x8 rational numbers) 

3x5 ( Commutative property of multiplication) 
“6x8 

« 3x5 (3 and 2 are factors of 6) 

(3 X 2) X 8 

. 3x5 -^(Associative property of multiplication) 

3 X U X 8)' 
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4 X ' » ^ (Definition of multiplication of 
^ 2x8 rational numbers) 

1 X ^ ^ is another name for 1) 

^ (l is the multiplicative identity) 



Is ^ the simplest form of the product? Explain, 



b» VHiy "were we helped in this computation by writing 
6 as 3 X 2? (We were able to see the multiplicative 
identity more easily.) 

4. Have pupils compute and express in simplest form several 
products such as the following: 

0^ 2 . y Cm 3 X 3 ^ 

a. ^ X u c. j X j ^ 

b, jX'^ d, 3jXl^ 



B. Using the concept of greatest common factor to find the 
simplest form of a product 



1 . 



Consider 



2 15 



What is the simplest form of the product? 



2 w M = 3 X 14 
2 15 2 X 15 



What shall we do to be able to find more 
easily the multiplicative identity, if 
there is one? (Factor into primes) 



“ 2 X V Elicit that 2 X 3 is the greatest 

^ ^ common factor of numerator and denominator. 



.2JL1 7 

2x3^5 




^ or 1 ^ Is ^ the simplest form of the product? 
Explain. 
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2. Consider ^ ^ simplest form of the product? 



J X 

10 9 10 X 9 

_ ^ X 2 X 3 _ ^jjQ greatest common factor 

2 X 5 ‘X 3 X 3 of numerator and denominator? 

- 2 X 3 X_3_ ^ 1 
2x3x35 

= 1 X i 
5 

= i Is - the simplest form of the product? Explain, 

5 5 

3, Consider i x What is the simplest form of the product? 
* 16 19 






7 X 12 
16 X 19 

7x2x2 x 3 ^at is the greatest common 

2x2x2x2x19 factor of numerator and 

denominator? 

2 X 2 V 7X3 



2x2 2x2x19 



. 7 X 



4 



“ ^ ^ 2 X 2 X 19 

— ^ Is S in simplest form? Explain, 

76 76 

4. Use similar procedures to express the product of three 
(or more) rational numbers in simplest form, 

II, Practice 

A, Without using pencil and paper, express each of the follo>dng 
products in simplest form. 



1 ^ X 

^*3 7 



2.1x2 
8 5 



3. 4x1 
. 4 



7 3 



.JMbi 






B» Find the simplest form of each of the following products: 
1. |x 



9 

12 



3. 



11 



4. I X 



10 


6. 


2 


1 

4’' 


a 




9 


„ 28 




7. 


t 




C 


a. 


1 




^ 25 




0 


25 


12 

20 


9. 


2 


ix 

4 


1 1 


10* 


5 


^ y 
8 



1 

3 



5. 6 X 1 

C* Express eadi product in simplest form: 

1 . 



1 

7 

2 

9 






8 ** 25 

2 2 xi xi 

3. ^ X 3 I X 6 
5, 2^x5^x2^ 

D« A man walks at the.rate of 3 ^ miles per hour. How many miles 

does he walk in 1 i hours? ® 

5 

E« A gallon of milk weighs ^ ^ pounds* How much does a quart 

5 



gallon) weigh? 



F* A boy found that every time his bicycle wheel made 1 turn he 

2 

moved forward 6 ^ feet* How far did he move if his idieel 
made 4 ^ turns? 



Ill, Summaiy 



A. Which identity element can be used In e^^^^ 

product of tvfo rational numbers in simplest form? Udentity 

element of multiplication) 



B. 



C. 



If the multiplicative identity can be used in the multiplication 
of rational numbers, would you use it before or after you 
compute the product of numerators and denominators. 



What is the advantage of using the multiplicative identity before 
computing the product of numerators and denominators. 
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Lesson 5B 



Topic; Division of Rational Numbers 

Aim: To develop the meaning of reciprocal (multiplicative inverse) 

Specific Objectives: 

Meaning of reciprocal (multiplicative inverse) 

Every number except zero has a reciprocal 5 the number one is its 
ovm reciprocal 

Challenger VJhat are two numbers vdiose product is the multiplicative 
identity? 

I, Procedure 

A, Meani’’ig of reciprocal 

1, What is the multiplicative identity? 

2# Pefer to challenge* 

a* Have pupils list several pairs of numbers vdiose product 
is 1 and check, as, for example > 

2 X ^=1 

^ X 3 = 1 

4 X ^ = 1, and so on 

b* By what number would you multiply ^ in order to get 1? (^) 



3. Tell pupils that when the product of two numbers is one, we 
call each number the reciprocal (or multiplicative inverse) 
of the other* 



4* Since — x ^ = 1 is a true statement- — is the reciprocal of 

32 3 

4. and -2 is the reciprocal of •§ * 

2^ 2 3 



What 



is the reciprocal of 12? of i ? of ^ ? of 2 ^ ? 



5# Have pupils consider 2 ^* How would we obtain the reciprocal 
of such a number? ^ 
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a. 



^ O 1 4 

Guide pupils to see that another name for 2 Is ^ ^ 
What is the reciprocal of ^ ? 



B. 



b. Have pupils give the reciprocal of each of the following: 

if 3e 

Every number except zero has a reciprocal; the number one is its 
own reciprocal » 



1, Consider 0 x H * 1 . 

a. Can you replace the frame so that a true statement 
re suit s? Explain » 

be Have pupils conclude that 0 does not have a reciprocal* 

2, What number other than zero has no reciprocal? 

After testing several other numbers suggested by the class, 
havf thr^ils conclude that it appears that every number 
except zero has a reciprocal. 



3. Consider 1 X O 1* 

a. What replacement makes this a true statement? 

b. What is the reciprocal of 1? 

c. Have pupils realize that the reciprocal of 1 is 
1 itself. 



II. Practice 

A. In each of the follovdng replace the frame so that a true 
statement results. 



1. 5 X f = D 


5. 8 X □ = 1 


2, ^ X 9 • O 


6. □ X i = 1 


o 2 yk = n 
4 3 


7. y ° = 


1 11 V A - n 

T ^ 11 ° 


8. □ X ^ = 




-205- 




, ... , . . 



.9 



B, What are the reciprocals of the follovdng numbers? 

1. 10 3* ¥ 5. 3 1 7. 

2» 4* 0 6» 4 g 2#5 

C# (Optional) Which is greater, a manber greater than 1 or 
its reciprocal? 

Which is greater, a number between 0 and 1 (exclusive) or 
its reciprocal? 

Ill, Summary 

A, What do we mean by the reciprocal of a number? 

B, Does eve^y number have a reciprocal? Explain, 

C, What number is its own reciprocal? 

D, What new vocabulary have we learned today? (reciprocal, 
multiplicative inverse) 
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Lessons S9 and 60 



Topic: Division of Rational Numbers 

Aim: To formulate a rule for dividing vdth rational numbers 

Specific Objectives; 

Division by one 

Multiplying dividend and divisor by the same number 
Using reciprocals in the division of rational numbers 
Division with rational numbers is not commutative and not 
associative 

Challenge: Mrs. Simon has 6 yards of material with i^ich to make 
aprons for the school bazaar# She needs ^ of a yard 

to make one apron. How many aprons will she be able to 
make from 6 yards? 

I. Procedure 

A. Division by one 

1. Have pupils consider the result of dividing a number by 1. 

a. S -r 1 = 8 because 1x8 = 8 

b. 15 -r 1 = 15 because 1 x 15 ® 15 

c. — T 1 = — because 1 X i = i 
2 2 ^ 

d. ^ -r 1 because 1 x ^ and so on. 

2. Elicit that the result of dividing a number by 1 is the 
number itself. 

B. Multiplying dividend and divisor by. the same number 

1. Consider 8 -r 4 ® □. What happens to the quotient if you 
multiply the dividend and the divisor by the same number? 

a* Multiply the dividend and divisor in 8 4- 4 by 2; 
by 3 5 by 5 5 by 8. What happens to the quotient? 

b. Have pupils conclude that if the dividend and divisor 
are multiplied by the same counting number, the 
quotient remains the same. 
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2« Will the above conclusion be true if dividend and divisor 
are nniltiplied by the same rational number (except 0), 
instead of by the same counting number.? 



a* 

b. 



Multiply the dividend and divisor in 6 -r 4 




by What happens to the quotient? 

4 

Multiply the dividend and divisor in 36 -f 12 




by 



What happens to the quotient? 



c, Haxe pupils conclude that if a dividend and divisor are 
multiplied by the same rational number^ the quotient 
remains the same* 



3* Consider 48 4 ® 

a* If we wish to change the divisor to 1 without changing 
the quotient , by what rational number should we multiply 
dividend and divisor? 

b* Elicit that multiplying dividend and divisor of 48 -i- 4 ** □ 
by will change the divisor to 1 and leave^ the quotient 

unchanged* 

1) 48 4 » 12 

2) (48 X (4 X =(48 x|) -fl-ia-i-l-ia 

c* How are 4 a,nd ^ related? (reciprocals) 

4* In each of the following multiply the dividend and divisor 
by the same niunber* Multiply by the number ^ich will give 
one as the new divisor. Then find the quotient* 

a. 56 -i- 8 b. 39 T 13 c* 40 10 d* 72 -s* 12 

Using reciprocals in the division of rational numbers 

1* Consider 6 j 

a* By what number can we multiply the dividend and divisor 
in 6 -r □ to get one as the divisor? (2) Will the 
quotient be changed by this multiplication? 
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b. How are and 2 related? 

c. Guide pupils to compute the quotient as follows; 

6 -r|=( 6 x 2 )T(|x 2 ) 

= ( 6 X 2 ) -S- 1 
= 12 ^ 1 
= 12 

2, Refer to the challenge problem. Elicit that to solyoothis 
problem, it is necessary to compute the quotient 6 - • 

a. 6 -i- ^ = (6 X 4) ^ X ^ ) Vihy did we choose to 

^ 3^3 multiply the dividend 

and divisor by s ? 

= (6 X 1 ^ 




* 8 



b, MtvS, Simon can make 8 aprons. 



3. 



•In each of the following choose the number by vhich you 
can multiply the dividend and divisor to get one as the 
divisor. Then find the quotient. 




b. 





15 ^ 



1 

5 



4 * 



Consider T ■j’ 3 
4 



□ 



a. By what number will you multiply the dividend and the 
divisor to make the divisor one? (i) 

b. How are 3 suid ^ related? 



c* Compute the quotient , 




(| X i) t (3 X i) 



(Jii).i 

i. -s- 1 

12 



1 

12 
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5* Consider 8 t 1 ^ • 

a. How may 1 ^ be renamed? 

b. Then 



6 . 



c* Complete the computation of the quotient* 

Consider ^ -f — 

4 3 



a* By what number can we multiply the dividend and the 
divisor to get one as the divisor? (2) 

b* How are ^ and 2 related? 



c. Compute the quotient * 

I ^ I - X |) ^ (| X |) 






= I or 1 I 

7, Have pupils conclude that to divide by a rational number 
we multiply by its reciprocal. 



8, Have pupils practice applying the rule for division of 
rational numbers. 





8 T 1 


d. 


e 




A ■ 1 

9^3 


b. 


10 


6# 


27 -i| 


h. 


U 3 5 


c. 


^ • L 

3 ’ ^ 


f. 


2 , 2 
5 3 


i. 


if-i- 15 



Division with rational numbers Is not commutative and not 
associative 
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1 . 



n li • 

Does 1*2 “ *^3 



1 — i li ^ 
^3 ' -^2 ' 



~ 1 — 

&• I 5 



2 4- *1 “ ^ X 4 
2 3 2 5 



10 



b. l| -l| -'|^i“ 3’'3 T 



c Then found a counterexample. 

Therefore, division vdth rational nuiiibers is not commitative. 

« /I . 1 \ • 1 * 1 i (i -s- i)? 

2. Does “ 4 / • 3 2 ' ' 3' 

/I. In «(ix4)-5-i *24-i - 2X3*6 

Vo " ^ ^ 2 ^ 1 ^ 3 3 



(4 ^3) “2^ ^4 2 4 2 3 3 



mi. /i • iN i i i •*• (t - 5 - ^)* We have found a count er-exaaq?le. 

c. Then C 2 “ V “ 3 ^ 2 * H ‘ 3'* 



Therefore , division vith rational numbers is not 
associative. 



II. Practice 



A. In each of the following, replace the frame vdth a numeral so 
that a true statement results. 



1 . 15 ^ 1 = D 

2 . 15 - 15 



2 _ 2 

4. I -s- ° ? 

^•3 3 



3. § + l-D 



5. sf-i-n 
h 



6 . 5 |- n - 5 i 



. « foiiovdiie choose the number by “which you can 

'■ S.S 2. Si«»r t. » tl- 

Then compute the quotient. 



1. 6^1 



4 . i - s - y 



o I • 1 

2 . 4-^ 



5. 

k 



3 . 8*1 



8 . |.U 
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C# Compute the quotient in simplest form for each of the 



following. 






1 2^1 

A# ^ 


5 , 


10 ^ 1 


3 3 




3 ■ 6 


2 . 5 1 


6, 


3 . 8 


3 . 5 • 4 


7 . 


3 i — 


4 . 1 7 T 3 

LL 


e. 


A 3 - 
^ § • 



1 

5 



D, A food company puts J of a quart of pears into each jar. How 
many jars are needed for 18 quarts of pears? 

E, Ann*s mother bought 12 yards of linen to make dish towels, If 
each towel is to be 2 of a yard long, how many towels will she 

be able to make? 

F, How long would it ci-ke to get 14 ^ gallons out of a water tank, 

if it is taken out at the rate of 1 gallon per minute? 

4 

3 

G, Sam»s father drove 190 miles in 4 - hours. What wae his 

4 

average speed? 



Ill, Summary 

A, We say that the nuihber one is the identity element of division 
when one is the divisor. What does this mean? 

B, In a division example, if the dividend and divisor are multiplied 
by the same rational number, what happens to the quotient? 

C, In a division example, if we wish to change the divisor to 1, 
without changing the quotient, by vdiat rational number should we 
multiply dividend and divisor? 

D, What rule did we formulate for dividing rational numbers? 

E, Is division of rational numbers commutative? associative? 

Explain, 
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